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IV. On the Determination of the Terms in the Disturbing Function of the fourth order 
as regards the Eccentricities and Inclinations which give rise to Secular Inequali­
ties. By J . W. L ubbock, F.P. and T r e R . S .

Received October 16,—Read November 20, 1834.

H lT H E R T O  in the theory of the secular inequalities the terms in the disturbing 
function of the fourth order as regards the inclinations have been neglected. As the 
magnitude of these terms depends, in great measure, upon certain numerical co­
efficients, it is impossible to form any precise notion a priori with respect to their 
amount, and as to the error which may arise from neglecting them. I have therefore 
thought it desirable to ascertain their analytical expressions; and the details of this 
calculation form the subject of this paper. Some of the secular inequalities which 
result from these terms are far within the limits of accuracy which L aplace appears 
to have contemplated in the third volume of the Meeanique Celeste.

The method which I have here adopted for developing the disturbing function rests 
upon principles which I have already explained #. Very little trouble is requisite to 
obtain certain analytical expressions for the terms upon which the secular inequalities 
depend, or for any others, in the development of the disturbing function; but it is not 
so easy to put these expressions in the simplest form of which they are susceptible ; 
and this is a point to which I think hitherto sufficient attention has not been paid. 
It will be found that I have obtained, finally, expressions of very remarkable sim­
plicity : to accomplish this, however, I have been obliged to go through tedious pro­
cesses of reduction, the details of which are here subjoined, in order that my results 
may be verified or corrected without difficulty. In  order to give an additional example 
of the great facility with which terms in the disturbing function are arrived at by my 
method, 1 have calculated one of those given by Professor A iry, and which is required 
in the determination of his inequality of Venus; and I have arrived at the result which 
he has given. The same method, with certain modifications, is applicable to the de­
velopment of the disturbing function in terms of the true longitudes. The terms in 
the disturbing function which give rise to the secular inequalities of the elliptic con­
stants, when the terms of the order of the fourth powers of the eccentricities and 
inclinations are retained, and higher powers of those quantities are neglected, are as 
follows: and I propose, as they form, in fact, a system apart, to distinguish them by 
the indices given in the left-hand column. *

* Philosophical Transactions, 1832, Part II.
MDCCCXXXV. I
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0 . 0

I. 1 +

I I . 2  r  -  2  1 +  2

I I I . ‘r  +  l  +  l / —  2  77

IV. ** —  1 —  1/ +  2  ^

V. i  —  1, —  3 +  9i,

VI. «m + ^m l l

V II . 2  r  +  2  ?, -  2  n

V III . 2  |  — 2  ))

IX . 2  r  -  2  |  +  2  o,

X. to ^m

1 fcO

X I . *  —  V +  1,
X II. r  —  2 £  +  J7 +  ?j/

X II I . r  +  2  —  y —  q,

XIV. 2 r  —  £ +  +

XV. 2  r  —  2  *7 +  2

After extensive reductions I find

It = - wt, ho  -  hi{ «2 + e? — y1 — y,21 + m, [ - i5>1 + J52 j

“ ho e2 +»*<{- st  ̂h i + TU r* h i } h

+ m'{  ~  W F ;'h i + W ^ h i }  {v* +

+ m>{ — WS?ho -  w ^ ho»\y'‘ŷ  + ho{ e2 + eii '\ | r 2 + r 2|
[o.]

, f  av t f  \5 a* r 3 a l ] 9 , /  t
+  m/ ) 4 a,2 3̂,2 +  \  32 a f  Kl~ l(i a-2 ^ ,2 /  * +  \  32  a,3 ^,1 “  Ki a,4 5̂,2 /  e/"

15 «2
32 a 3 V  — w r *  ^,2} { y 2 +  y? }  j  e e, cos (r -  ? +  5,)

M

-  *5,2 c2 «2 cos (2 r — 25 + 2 J() + hi e ei y2 cos + ? + «,“ 2 ”)
[»•] ' [««•]

+  h i ee!y? cos (T — 5 -  l, +  2»,) +  I T ^ r *5,1 c f,y  7 ,cos(? — I, — n +  ??,)
[IV .] [v.]

9 w?,a2
16^7 &5,i ee,rr, cos (g + g, — * — ri)

[V I.]
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+  mi i  — ifj a 4 5̂,1 +  (j4 a ■ *b5 2 j* ef  72 COS (2 +  2 i , 2 q)
[V II.]

+ m< { -  mr? *5,1 + *5,2} *2 y2 cos (2 s -  2
[vni.]

+  » 4 - 1 ^ 7 * 5 , i  +  4 5 } e2^ cos ( 2 - - 2 I  +  2 ,,)
[ix.]

+  {  ~  16^3 *5,1 +  ti4«5  *5,2 }  2 y 2 °0S (2 1 ,  2  >1,)

[ X .]

+  mv {  -  4^7  *3,1 ~  T§ ^ 7  *5,0 (e2 +  e i2) +  T C 7 *5,0 ( y 2 +  vf) j  COS n,)

3 a <- „» Cx 0
+  mi { f ^**5,1 — 3 ^ 7  *5,2 J- 2̂ y r, COS (T — 2 ?  +  0 +  «,)

[X I I .]

f  3 a2 3 a2 ')
+  m ' {  8 <  *5,0 —  3 2 ^ 7  *5,2 j-e,2 y y ,c o s (r  +  2

[“ «•]
f  9 a2 33 a2 1

+  ”*< {  32^7*5,1 +  32^7 *5,3 } e e , r y ,  COS (2 r  -  ? +  ?, -  » +  !>,)
[xiv.]

3 a2
— m! 32^7 *5,0 V2 y,2 COS (2 r  — 2 » +  2!),)

[xv.]
The method which I propose to employ in order to arrive at the terms in the 

disturbing function, independent of the inclinations, is sufficiently explained in the 
Philosophical Transactions. The following are the equations employed:

dig 
d e

ad  R  d 
d e d

d R d A 
d r

d r 
r de i O  + t )  -  ( l  - | - c 2) c o s ? - f e ( l  -■£<?*) cos 2  «

[0]  [2] r»]

----g e2 cos 3 l  — 24 e3 cos 4 l
[20] [35]

J 7  =  2 f l -----g-j sin? +  -g e p  -  j3e2j s i n 2 |  +  ^ e 2s in 3 H -  -2 je is in 4 ? .
[2 ] * [8 ] [20] [35]
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GO MR. LUBBOCK ON CERTAIN TERMS IN THE DEVELOPMENT OF

Calculation of the Term in the non-periodical Portion of R multiplied by e4.

If  R '9 denote the term in the coefficient of cos f* multiplied bv e3,
R 8 ........................................................... cos 2 f . . . .
R '0 ......................................non-periodical portion of R  multiplied by e2}
R 2 ...................................... coefficient of cos £ multiplied by e,

o Tii _
6 n 2 ~  2d

a d  l l 8 
2 d  a

3  a d  7£2 

4  d  a
a d  R! q , 9  d-  -]--------------

d  a

R'„ =  -

8  d  a

j  )  __  _a j 3 ^
^  “  ~~ 2 a 3 "3,0 i -  g—F 03,l

8 a ;  °3,1 R , =  - ~ b

R% n
2  2  4  2

at l>°

p /  . 9 p  _  3fl2 r  3 q  , 9 t
i -  8  n o — 8 a f  "3,0 —  1 6  q 9 ° 3 ,i ~  i 6  ®i,o

3  7 f'
3 a 2

4  a,3

7 d

/ 3 q  7 9 q  / «  , t \  9 a3 /  a , . \
"3,0 —  16  0 2  "3,1 +  16  « *  \ o / "3,0 —  "3,1/ —  8  a 4 "5,0 —  ^ 5 ,1 /

, 9 « 9 ( a  7 1 ,  1 7 \
"* 16 a 3 \  a,"s,i “  2 "5,0 — 2 "5,2,/

p ,  __  < « ,  a  ,  3  a4 , | 9  a 3 7 3  a 2 ,
A 2 —  1 6 ^ 7  "3,0 —  4 ^ T  03,1 ~  8 ^ 7  "s,0 +  1 6 ^ 4  "5,1 “  3 2 ^ 7  "5,0 —  3 2 ^ 7  "s,2

7 a2 ,  a  ,  3  a 2 ,  3  a 2 ,  3  a 3 ,  7
o.j n ■■” “ .. <3 i ~“ 7"> _ s ^'7 n —r~ T7TTTF "-so TTTTT* ^5  1 H-  . «-• 9 0<j16 a 3 "3,0 “  4  a 2 "3,1 “  8  a 3 "3,0 t "  Hj f t3 "5,0 “  16  a / Ida/

3 a 2 3 a 3
16 a 3 ^3,0 —  1 6  a /  ^3,1 +  16  a 3 ^5,0 —  1 6 a 4 ^5,1*

If  7^'0 denote the term in the non-periodical portion of the disturbing function 
multiplied by e4,

. rpii __  a  d  R . q d
**■ 0 2 d q  8 d q

q d  R'y ,9 a d  R 0 3 d
4  d q

------- l i  _j__________
2 d  a ■ 1 6 d

nll l 1 a/  a . ,  \  1 ,  9  q 2 ,
4  A  0 —  1 6 7 ,  " 1 , 0 -  1 6 a *  V a ,  "3,0 “  "3 ,1) “  1 6  a , "3,0 16 af  °3 , i  ~ r  3 2  af  "5,0

3  q  ,  3  a  /  a  , / ,  ' l  1 1 7 1 ,  \
1 6 7 2 "5,1 "T- ! 6 a 2 V a , °5,0 “  " 5 , l /  “T S 2 a S \ q ,  "5,1 "" 2 "5,0 ~  2  "5,2/

15a3 *. * ^ , 1 5 «9 /, 1 7 1 7 "i
32174 \ a ,  "7,0 “  "7,1/ “T 32 q 3 Va, "7,1 “  2 "7,0 ~  2 "7,2/

1 / a 9 +  q * ,  a L  A g
T 6 7 y V ~ ^ “ "3> ° ~  2  a, "3,1 /  ~  1 6 q 2 \ q ,  "3>0 ~  " W  l 6 a ,  "3,0 16‘q 2 "•

Qq2 , 3 a3a ( a \  a2 / q  , J _ , J 7 \
3 2  « s  " 5 , 0 1 6  q 2 "5,1 +  1 6  a *  \  a,"6,0 ~  " s , l /  +  3 2  V a, "5,1 2  "5,0 2  " 5 ,2 /16q9 \q y
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15 a? / a 2 +  a,2 , a , \  15 a2 , 1 5 a 2 .
32^7 V a 2 ®7,0 ~  -  ^ 7 , 1 /  +  6 4 a 3 67,0 “  Q ^ f  2

a ^a24- a 2 ,  a , a A 'N i 3 a ,
=  -  8 a ?  \af"»,! “  "s,0 —  ^  * 5 ,2 /  +  6 4 ^ 7  "5,0 “  8 ^ 7  "5,1

3 a2 j, 15 a2 . 3 a ,
~  64 a 3 65,2 32 a /  "5,0 +  32 a,2 "5,1

5 a2 13 a ,  a3 , , 5 a2 ,
— 64^ 7  "50 — 32 a /  "5,1 “  32 a,4 "5,1 "T 64 a /  "s,2

a , a3 , a2 , 13 a . a3 , , 5 a9 ,
“  32a7  "5,1 +  3 2 a,4 "5,1 +  64 a 3 "5,2 3 2 a,2 "5,1 32 a 4 "5,1 T* 6 4 a 3 "5,2

3 a ,  3 a2 ,
=  “  8^ 7  "5,1 +  3 2 ^  "6,2*

Hence i t  contains the term
f  3 a ,  3 a2 ,

m / (  “  32 a 2 "5,1 +  128 a,3 "5,2 J

Putting for Z>51? b5 2 their values in series, the first term is

15 a2 
— 32 a®*

This result agrees with what I have before arrived at in the Lunar theory. I  have 
neglected no similar opportunity of verifying the terms in the disturbing function 
given in this paper; these opportunities are however but few, as the terms multiplied 
by y ® may be dispensed with in the lunar theory.

Calculation of the Term in the non-periodical Portion o f the disturbing Function mul­
tiplied by e2

If R '2 now denote the term in the coefficient of cos f multiplied by e 
R \0 ....................................... non-periodical portion . . . e,2,>

e2 e 2,

^ 0 — go,* 3̂,1 Tt< —  a d **o n 2 — — 2 da

Ji' —  1  ( a hLh  1 7 \  1 «  7
^ 2  —  “  8 a , 3 \ a ,  "5,1 “  2  "5,3 “  "g " 5 ,2 /  +  3 ^ 7  »3,i

JJH _ ft(l #0/v 0 — o  ̂77
a d  it '2 
2 d  a

#'n -  it '  =  -
a ,  a ,  3 a3 , 3 a ? ,  3 a2 ,

8 ^ 7  "3,1 “  8 ^ 7  "3,1 +  8 <  "5,1 “  1 6 ^ 7  "5,0 ~  1 6 ^ 7  "5

prr   « !. , 3  a2 7 a ,  1 ,  1 a ^ 1 9 "3 z.
0 — 8 a,2 "3,1 +  8 a,3 Va, "5,1 “  2 "s,o “  2 "W  +  16a,4 "5,1
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3 a3 3 a9 , 15 a*
Tftaf  ^ ,0  “  l 6 a /  — W a ?  \ a y( 7̂,1 2 7̂,0 ~  2 7̂>2)

, 15 a2 /  a 7 / ^ I \t> cd 1 1 7 \
+  3 2 ^ /  V X  ',0 “  ^7,1/ -T- 3 2  a  s V «  ft7,2 -  2  *7,1 ~  "2 *7,32 a / \  a ,  "7,0 -7 ,1/ i 32 a /  \  ay

a j , 15 a3  ̂ 3 a2 , 3 a2 ,
8" <  *3,1 +  1 6 a /  *5,1 “  *5,0 ”  4 ^ 3  »5,2

15 a /  / a 2 +  a f  ̂  , 
“  16^4 \  a /  *7,1 “  ^  *7,0 — ^  *7>2/ +

3 a2 . , 3  a2 , 3 a2 , 3 a9 9 a 2 7
®«<1T --- o „3 n — „3 5' a

15 a3 , 15 a3
64 a /  ',1 — 64 a/  *7,3

9«9 ,
16 a 3 ° 5,o-~  “  16 a 3 "5,0 T  !6  a 8 ^5,2 — s  « /  "5,0 “  16 a » t/5>2

Hence the disturbing function contains the term

— | f ^ r  5̂,0 e2 e 2 5 in the lunar theory — e2 e/

Calculation o f the Term in the non-periodical Portion of R  multiplied by e*.

If  R '5denote the term in the coefficient of cos £y multiplied by ey3,
R\7 • ■ .................................................cos 2 . . . . (?/

i?5 ............................................................cos iy
R ' n .................................non-periodical portion of R  multiplied by e 2,
R \ ................................................................................................................. ^

 ̂ ayd a ,d 12^ o ay d a y d . 9 a d R q
^ R  5 2 d ay 2 d ay 4 d d ay ' 8 d a y

1 , , a
“ 2 ay *3,0 "h 2 a 2 *3,1 R ‘7 — ~  2 a/ ^ ,0 +  8 a 2 ^,1 R> = - ^ b8 a /  "3,1

1 t l i
a, Jl>° 2
* 7 -“ 5 -t l/7~~ o i n  ̂ — 2 4 f l 5 - B 'o  +  T « o  = ^5 ^)7 71/ I O4 “  2 “ ^ O T  g «c

16 °i.o

3

“ 8 ay ^3,0 “-  -

3 7 , 3 a ,
— “  8 a, °3,o - r  8 a 2 i

, 9 7
+  l 6 ay*i,o “

9 a  
16 a / ^3,0 -  3̂,0

i 9 a  (
+  8 a* VkO,

v 9 a2 /
' 16 a,3\  ay* » -

1 h 12 °5,0 — 2 o

_  3 . 9 « 2 7 , 1 5 « A , 9 / a 2 +  a 2 ,
~  8 ay "3,0 — 1 6 a 3 "3,0 T  16 a 2 "3,1 - r \  af  °3,0 ' a, ^3,1/

9 a
~  16 a 2

/ a 2+  a,* .
\  <  V -

— h —
ay 5>° ay

7 \  , 27 a2 .
+ 3 2 a y3 6 M “

9 a .
16 a,2 ®5,i

9 « 2

__ 1 ,  3 a  j. S o 8 . 3 a .
5 “  I 6 ^ ( *3,0 —  1 6 ^ 2  »3,1 +  1 ^ 3  *5,0 “  1 6 ^ /  *5,1

A nr, _ « id i2 ,0 , a y d 7?0 a yd i? 5 , 3 a f R n
Ah n — T r r r  -+■ Q_3 ~ ' ---- tttt;— r ---------------------2 d a y T  8 d a,2d ay 16 d a 4 d a y
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H'o | R* h | 9

- 1

— R4 2 t l 7

1 , 3 a  a2 ,
— OQ 0 I - a ^  “  O „ 3 #5

+

16 af-V ~  16 a,ulfi “  32 a, ^  32 « /  "3,1 32 af  ^ ,0

3 a 9  ̂ . 9 ff /
— w T  3̂.0 +  ^ +  A - a, „ -3'2 a,® 5.1 — 32 a, 3,0 * 32 a;‘3,1 T  8 "3,0 32 „ « "3,1

1 » a
4 7 £  n —  i r: Zn 7S~772 .)-nf £,« - a r - 9 a*0* ! -j- O'16 a , w3,o “  16 0 * °3,\ “U 32 «s w5,oo “  16 a, M> 16 a,2

3 a , 3 a ( a ,, \  , 3 a2 /  , J_ J_ , \
”  T6 o? ®5,l +  16 a ,2 Va, ^ ,0  *5,1/ -T 32 a 3 ^ % \  2 ° 5,o “  2 »5)2/16 a ,2 

15 a3
32 a 4 ( t ) ^7,0 “  67,1)  +  32 a* (  a, ^ ,1  2 ^7,0 “  2 ^ ,2)

1 j fl" “I- fly* 1 ̂  fl  ̂ ^ A /  ^ I  ? \  1 /  ® 7
=  767, ^,0 ~  2 V,hi 1 -  TeT2 V7; ft3,o -  %,i; — T67, °3,o -  as,i

Qa* 3 a  , 3 fl / f l  , 1 /  1 / \
+  32^? ®5,0 -  16^2  05,1 +  T6 a? V«/ 5’°*“  5>V 3 2 a V«/ 5>J "  2 5’° -  2 ^ ,2?

15 a* /a* +  a? i  n a . \ 15 a2 , 15a2 ,
3 2 7 s a / ~  /,0 “  2  ^  ®7,l j  +  64 a 3 0 “  64 h 2

ja - \  27 a9 ; 3 a
V,h*)  +  647/* g ^ 2 **,1

a
8 ? V
3 a2

a, ^5>°

15 a9 3 a
64 a,3 ^5,2 “  s z a 3 +  32 a 2 ^ ,1

5fl2 , 13a ,
VK A on Q 1

5 a3
, , ^ . i +  ^ - . S .

a , a3 a3 13a

64 a/* °5(o — 32 a /  °5,i ~  32 a,4 64 a,3 w5,2

5 a2
“  3 2 a 3 K *32 a 4 ^ 5  +  64 a 3̂ ,2  3 2 a 9 >̂,1 32 a 4 % l ^  64 a 3

3 a 3 a2 ,
--------7 a 9 ^,1 +  32 IT?bW

Hence the disturbing function contains the term
f  3 a  T 3 a3 7 1 . . . , 1

m> {  -W af h i  +  1287? \ 2  j  < ;  in the lunar theory -  - ^ r  e?

In the preceding instance, and in the case of terms depending either upon e4 or e4 

solely, the term in the disturbing function can only be obtained from or ; but

in obtaining those which depend both upon e and ep they may be obtained indiffer-
d R

ently either from the combinations which enter into the expression for or from 

those which enter into the expression for
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Calculation o f the Coefficient o f  e3 etcos (r — £ +  in the Development of R. 
I f  R9 denote that part of the coefficient of cos (r — 2 £ )which is multiplied by e2

f l l COS 7 e°
e2

* 4 c o s (T +  i ) e
« 3 co s ( 2 - +  9 e

. . . e3

3  R 3 =
a d R 3 a 
2 d  a

i d
2 d  a ■ +  i ? 9 +  :

9 a
16

: d R  
d a T * I

3 a
' T

d B 4
d a

11Tt*

vo |
f̂

« 3  =
3 a

~  O a f  +
3 a

4 ay2 ON Co © 1
*®

|e

3̂,1l
a

4 a f ^3,2 /?9 =
a

” 8 a f
fl , fl

16 fly2 "3,0 “  I6fly2 ^3,2

* 4  =
a a

2 a f 3 ^3,0
a ,

“  2 a,3 "3,1 +
3 a

4 a? ^3,2 # 1  = 2
, _£L 7 fl
' 4 fly2 3,0 2 fly2 ^3,2

ll _ ^b2 R i  _
at 2

R )
2 + S

I® to 1 3
4 H i -

R

2
1 __ _ 3 a

8 ay2 •
3 fl ,  f l9 ,  f l

1 6 fl/ "3,0 “T  8 a « 0 3,l - * ^3,2

* y +  lT « 1
5 p  __ 3 a 3 a, 5 a 2 , 5 a
4  i < 4 — K l —  g —a —  1 6 a *  "3,0 +  8 ^ 3  ®3,1 ~  1 6 ^ 2  0 3)2

3
3 a\ 3a , a2 „ a , 9 / . \
8 "T“ 16 fly2 "3,0 -r 4 a 2 03,i — & a 2 °3,2 — 16 af \a { "5,0~  "5,1)

- T {5? V ~ ¥ ho ~  ¥ *0,2) ~ Tf h* ~  ¥ h i  ~  ¥ *5,3) }

+  Ia7  -  f e l ;  ^,0 +  f j  ^  -
5 a ,

W a f  "3,2

- 7 a \  7 1 9 a2 
~  8 a f  "3,1 16 "3,2 ~  16

R13

_3 f  a2 /a?-f- af, « a _ \  a2 , «3 ,
“ 8 V ^  "5>° “  "5»V 2  A*1®5,1 +  2^3"5,3

3 « 9 3 a  . 9 « 3 , 9 « 2 7
8 a ,3 "3,1 16 a f  "3,2 “  16^5 "5,0 +  16 « 3 "5,1

a , 3 a2 , 3 a3 j
~ ~  W a f  "3,2 +  1 6 ^ 3  65,i — 1 6 ^ 4

. «9 7 a3 ? 1
^  2 o /4" 5 .0 " 2 o /4°5,2j

If I?'15 denote that part of the coefficient of cos (r — £ -f- £,) which is multiplied by et e3,
a f  R'z

* 'l5  =  ~ 2 d at

a 1 1 9«2 t
16  a f  "3,2 “+■ 32  « a "5,1 “

3 a3 .  ̂ 3 «9 /  « , J_ , J _ 7
8 a/1 5,2 3c2 a f  \ay 5,2 2 5,l 2 5,3

15 f  a3 /  a  .

32 t  «? W  ^  “
a4
« / 7,1 _ 7,3

+ a
l6  ay2

3 a2
16 a,3 "5,1 +

3 a3
] 6 a f  "5,2
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3 a2 3 a* .3 a2 , 15 f  a3 / a 2 +  a f  . , a , \
«>l 3 2 a ?  *5,2 — 6 4 ^  *5,3 “  32 |  “  a /  V <  " 7>2 ”  ^  "7d ~  a  ̂ "7,3j64 a /

«3 * , «3 ,, «4 7 «* 7
~  2 a 4 »,0 “r  2 a 4 »7,2 - r  2 a /  "7,1 “  2 a? °7,3}
3 a2 7 3 a2 7 3 a2 7 , 15 a3 , . 3 a2 ,

-- TfTTTs 0  ̂i or> ^ 9  Cx 4 „3 5̂ 3 l” OO f1 4 5̂ 9 ^
3 a3

64 a 3 °5>l~ 32 a 3 "5,2 ~  (j4 a 3 "5,3 1" 32 a /  "5,2 T  32 "5,1 — {Qaf  "5,2

15 a2 , 3 a ,
— 3 2 a 3 "5,1 — l6 a ?  *5,2-

Hence 72 contains the term

m/ { 32o? *5,i “  16^7 *5,21 <?,e3cos (r — f +  | y) .

Calculation of the Coefficient o f e ef cos (r — |  +  !,)•
If 7219 denote that part of the coefficient of cos (r -f  2 | y) which is multiplied by e2,

7 2 , .......................................................... cos r
7 2 ', ..........................................................................

A 9 
o 2
U 9

cos (r -  £y) ......................................ey,
cos (r +  | y) ..................................... <?„

* V .....................................................
o pr _  « d /l>7 «/d 7219 , _9_ «, d 72t J3 3_ a, d 7?6 _5 ^ d /? ,  ,

7 2 d a / 2 d  a / ”* 410 ‘ 16  rl n"• ft 1 4  ( \u  4  6 2 6  4 116 d a, 4 d av 2 d a/

l \  —  .:'.a 7 , _____i _  7, _  7,
' ~  4 a f  "3,0 2  a, "3,1 4 a,3 "3,2

_ 2 a  a _1 , ■
n * ~  a f  ” 4 a ?  "3,0 “  2 a , "3,1 +  4 a ,2 "3,2

1 A,,1 a y2 a y 1,1

7> __ a a ,
^ 19  =  tT^ 3 ~  1 6 ^ 7  "3,0 ~  1 6 ^ 7  "3,2

* “  —  +7 2 ' i = - 2 a? • 4 a 2 3,0 2 ay3 3,2

T27 72,3 . 9_ 7) _3_ „  R __
2 “  2 + l 6 fti "  4 i(e ”  2 “ ”

3 a  3 a  1 7 « 7
4 ^ 7  +  1 6 a ?  "3,0 +  8 a y *3,1 ~  "3,2

p  _i_ _7. p _* /> /_}/ __ 3 a  3 a j , 5  ̂ 5 a ,
19 ^  8 K i 4  ^ 6  “  ^  l —  —  2  a y3 ~  l 6 a y2 "3,0 +  8 "3,1 ” * 16 a 3 "3,2

q »■' _  3 a  3 g  7 1 7 x a i. , , ^
7 “  2 a 2 8 a 2 "3,0 ~  8 ay "3,1 +  4 af "3,2 +  Hi o f  V ay "5,0 “  "5,1/

+  ¥  { ^7 (v,*5,1 — “2  *5,0 — ~o *5,2)  ^3 ( — *5,2 -  “2 *5,1 ~  "2 *5,3)  |

3 a  3 a  7 , 5 7 5 a  .
*3.0 +  —  *-. 1 ~  T7?-o *,2 a 2 16  af"3,0 T  8 a y "3,1 16 a 2 "3,2

_9« 7 , 1 , a 1 t c3
“  16 a® "3,0 +  2 a y "3,1 “  1 6 a 3 "3,2 +  T  {  a?2 V a 2 "5,2 “  ^  "5,1 “  ^  65,37

, a 3 ,  a2  ̂ a  ̂ 9 « 2 A
+  o „3 *5.1 *5 ?1 — 77T2 *5 0 +  o"^T *5.2 r ~T t s ~ a *  ̂a — TzrTs *̂2 «? "5,1 ~  2 77? "5,3 “  2 a 2 "5,0 T  2 af  "5,2 |  T  16  a 4 "5,0 “  l 6 a 3 "5,l

MDCCCXXXV. K
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9a. 1 ,  \ a h3(1 i
~  16 a? "3,0 +  2 f l j  %1 +  1 6 af"3,2 “  6 3,2 +  4 ^ ?  ^3,2

I j9 a3 * 9 a2 ,
—  8 ^  ®3,1 +  1 6 ^ 4  % 0  —  0 5,1

3 /. 3 a9 7, , 3 « / 3 a  , , 3 F
“  8 a, "3,1 8  « /  "3,1 T  1 6 a *  "3,2 “  ] +  "3,1 +

9 a9 , . 9 a3 ,
— “  16 a / "5,1 +  16 a/4 "5*2-

9 a 3 9 a 2
16 «,4 ^>,0 16«3 5̂,1

* 7
3 a9 , , 3 a3 7

l 6 a 3 "M  +  16  a *  "5,2

If  I?'15 now denote that part of the coefficient of cos (r -  f - f  *) which is multi­
plied by e e 3,

« d  R 7 „  
2 d « ~ 7

3 «2 , 9  «3 , , 15 a3 , 3 t
16 a 3 "5d “  32 a,4"5>2 "* 32 'a4 "5,2 +  32 a a 65 l

3 a3 3 a2 3 «s
~  16 a 4"5 2 * ]6  af"5>l 1 6 « /  "s,2

15 a9 S«3
“  32“^  "5,1 ~  Te- ^ 5 "5,2

Hence jR contains the term
f  ] 5 a2 7 3 a3 1

m i {  3 2 5 /  65,1 -  1 6 T? h *  j - e  e <J c o s  ( » • - ?  +  « , ) .

I have found that the disturbing function contains the term

-  ! f ^ 5 , 2 e 2 <-,2 c o s ( 2 r - 2 ?  +  2 i , ) .

As I have given elsewhere the details of the calculation of this term, it is unneces­
sary to repeat them here.

In order to obtain the terms depending partly upon y2, y,2, &c., from the same 
equation, the following transformations are necessary:

cos X' =  cos (X' —■ v +  v) =  cos (X' — v) cos v — sin (X' — v) sin v 
tan (X' — v) =  cos 1 tan (X — £)

. x x 1 . x co s»tan (X — 6)
- ' 1 +  cos9 1 tan2 (A — £)v ' I +  cos9 tan2 (A —

cos X' =
cos v — cos »tan (X — £) sin v 

^  l +  cos9 < tan9 (X — 6)

sin X' 

r

_ cos 1 tan (X — 0) cos v — sin v 
1 +  cos9 1 tan2 (X — 6)

=  r 1 — sin2 »sin9 (X — £)

cos9 A- cos (X — § +  v) -{- sin9 A- cos (X — § — v) 

1 — sin9»sin2 (X — §)

cos2 — sin (X — § +  v) — sin2A- sin (X — § — v) 
2 ___________  £_______________

^ / l  — sin9 1 sin2 (X — £)

 on July 19, 2018http://rstl.royalsocietypublishing.org/Downloaded from 

http://rstl.royalsocietypublishing.org/


MR. LUBBOCK ON CERTAIN TERMS IN THE DEVELOPMENT OF R. 67

r r(v {cos (X' — X,) +  s s,} =  r r y|  cos2 y  cos2  ̂ cos (X — X, — € -f  g, +  vt)

+  sin2 y  cos y c o s  (X -f \  — € — £y +  »,)

+  cos2 y  sin2 y c o s  (X -f- Xy — € -J-

+  sin2 y  sin2 y c o s  (X — Xy — g -f  €y — +

+  teutoni ,co s (x_ Xj_ g +  ej)

_ ^ cos(x +  , _ g +  y }

<2 g l 2 n
If tan i =  y, cos2y  =  1 — \  +  Jq Y4siri2 y  =  Id ?*•

If n t  — nt t  +  s — s, — € +  g, +  v — vt be called
and if w £ +  s — € =  >7 n{ t +  z, — €, =  nt since when the eccentricities
are neglected X =  n t +  g, Xy =  wy t +  g;, r =  a, r{ — at

r r/ (cos (X'—X',) +  ss,} =  a a, |  cos2 y  cos2 cos r  +  sin2 y  cos2 "J cos (r — 2 ??)

+  cos2y  sin2 y  cos (r+ 2  >?,) +  sin2y  sin2 y  cos (r~ 2^ + 2^ )  

-f 4y cos (* — n) — y~'cos 0* + ̂/)

cos r= o a /{  ( i  -  4 " -  4‘ + r a ^ 4 + y i' + T B ^ 4)

+  2l ( 1 ~  t )  c o s  ( r  ~  2  ») + ^ - ( l  - ^ ) c o s ( t  +  2 , , )

+  ^  cos (r -  2 n +  2 !j,) +  ^  ( l  -  ^  -  t )  cos (« -  ”<)

In order to have the terms required depending upon the squares of the inclina­
tions, it is sufficient to take

R — -  ^ | y ^ i , 0 +  ^ i , i c o s r +  ^lj2c o s2 r +  & c . |

+  7faf |  y  3̂,0 +  3̂,1 cos r  -f b3 2 cos 2 +  &c. j-

{  ( 7 - y y< )  COS r  — y  cos (V -  2 — y  cos (r +  2

— y y, cos (>j — ?7y) +  y y; cos (>? +  ^y) |
K 2
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=  ”  Ti { t  !\ «  +  5i,icos r +  ^i>2 cos 2  r  +  &c. j

+  (y2 +  y 2̂  3̂,1 +  (̂ 3,0 +  3̂,2) (y2 +  yy2) cos

-  f^ir 3̂,0 y2 cos (r -  2 n) — ^ b 30 y 2 COS (r 4- 2 *,)

-  4 <  *3,0 7 7, COS (<) - > ! , ) +  4 j r  *3,0 cos (<» +  <»,)- *3,1 y ,2 cos (2 r -  2 >1)

~  8  a,1 *3.1 r/1 COS 2  ̂ — g ^ 2- i 3>1 7 ,2 COS (2 T +  2 l)() — ~ r  //, , y  2 COS 2 >!,

-  4 <  ^3, i y y , c o s  (r -  4 - *,) +  4 ^ 2  ^3,1 y y , c o s  (r +  4 +  *,)

. m! a j  m, a7
+  3̂,1 y y/C°s (r -  4 -  *,) -  63>2y y,cos (2 r  -  n 4 - +  &c.

d R  d R  d r  d R d A
As before, a7 =  7T7 d7 +  7Ud7>

but in this form of development
d R  d R  . d R

d TdA “  d r  +  -1-
d R  _  _  d R  d R  
d A, d r  ‘ d >j,'

Calculation o f the Term in R multiplied e2 y 2.

T> _  d R0
R 2 — — d a

»  — — —  h
^ 2  — — 8  af  °3,1

R 0 ~~ 8 3̂,1

8  a ,3
3 a 2 / a  , 1 ] a \

+  » «3 \a , % 1  — 2 65,0 — 2 j,2y

3 a2 j
"3 5̂.0 1 Tp~~* o

a, -5,1 2 5,0

3 a3
16 a 3 "5,0

3 a2

—  a 3 a 2 , 3 a2 ,
l 6 a 3 "5,2 ‘ 8 a /  5,1 16 a 3 5,0 16 a 3 5,2

+  # £ & ,”  “  y 5,0 T  8 ^ T  "5,1*

I f  the term in R 0 multiplied by e2 y 2 k e called
o 1 >// _  a d  R 0 , ad R 2
2i IX ft --- n J -2 d a 

3 a2

2 d a

/  ■ 3 a* u, 3 «2 r 9 a3 ,
—  T"6^73 *5,0 “  id  f l4 .5,1 "T 8  a  * *5,0 “  16  a 4 *5,1

— 16 {  a* ( a ,  b7,0 ~  b7,\)  -  « s  ( a/ b7,\ ~  2 ^ ,o  ~  2 ^ ,2)  }

9 a2 t 3 a 3 . 15 f  a3 /a 3+ a 2 a , a , \  , «4 , <*4 » 1
— 16 a 3 ^5,0 4 a 4 ^5,1 — i 6 \ “  « 4 ^ * 67,l ^7,0 at 2j  +  2 a /  7,0 2a,6 7 ,2 /

9 a2 3 a3 15 a3 3 a3
IG ^ 3 65,o “  4 ^ 4  05,i +  T F a 7  ®5,i “  T6"<7 »5,1

9 a2 ,
“  I 6 ' a 3 °5,0-
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Q lYli cP
Hence R  contains the term 3q a 3 &50 e2 (y2 +  y;2)- Putting for 0 its value in series

9  171,0?according to powers of —, neglecting y fI find for the lunar theory 2y2

which agrees with the result I have arrived at elsewhere by other methods.

Calculation of the Term in R 0 multiplied by ef y2

at d R 0 
d a.R  5 =  - ^ 0 — 8 *3,1

^ 5  ”  4 a? &3,1 “  b a f  {a,&5,l “  a  h ,o  “  a  ^ , 2)

a a 3 a?3 a? 3 a3 3 a3 t 3 a2
“  4 ^ 7  *3,1 -  8 ^ 7  *3,1 +  1 6 ^ 2  05>0 —  l6- ^ l  t>5,2 —  g -^ 4  &5,1 +  7 5 ^ 1  % 0  +  UUi} 63,2

a j , 3  a3 7 3 a3 t
-  8 ^ 7  *3,1 +  8 ^ ?  *5,0 -  8 <  65,1-

If jR"0 denote the term in R0 multiplied ef y 2,

9  p ' _  a>d a‘d ^ 5
0 2 d  a, 2 d  a,

a3 a23 a3 , , a  , 9  a 9 3  a 3 7
“  “  16 a ,2 *3,1 —  U f a 3 *5,0 +  1 6 ^ 4  o5,l +  8  *3,1 +  f 6 a 3 *5,0 ~  4 ^ 4  05>i

3 a 2 / a
16 af

/  a 1 1 \  15 a3 3 a3 7
U }  *5,1 — y  65,o ~  - j  0,25; - r  7 * 7 7  *5,1 16^7 %,i

9 a3
16 a 3 &5,0*

Hence7?contains the term ^7 7 ^  &5)o<?/2 O2 +  y,2)> or in the lunar theory y2-16 af

Calculation of the Term in RVo or (Rt) multiplied by y2.

R ,  =

* 3  =

a d R l
2 d a  n i R \  — 8 af  (*3,o H- *3,2)

^ 1 t* i t . , 3 a f  a r , a 1
1 6 <  V&3,0 +  &3,2 +  1 7 7 3  |  ~  O5,0 -  &5,1 +  ^  *5,2 -  "2 *5,1

8 ^ 2  ( &3,0 +  *3,2

3 a  /'«* +  «,% _ Q \ ____ a , , 3 a 3 , 3 « 2 ,
1 '-1 «i~ V a,2 5,0 J o, 5,1 j  16 a,2 * 3 ,2 +  16 a,4 *3,0 16«,3 *M
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If  the term in i?15 multiplied by y2 be called

__ ni  ̂R3 T>
n  15 — ~  T d^7  ~  ^3

h —  — h- L 3 ®3 /. i 5 f  a2 /  a _ z \
16 a f  °3,2 16 a* °5,o “T 8 a 4 %,2 "r 32 j  ^ ft7,o “  07,1 j

a4 /  a
“
3 a3

/_£L /. J _ a J  j. \  1 1 , 3 a r 3 a;
U  7’2 ~  2 °7,1 ~  2 h,s) j  +  h,2 +  165* h,0 ~

7, 3 a3
16 a / w3»2 T- j 6 a 9 %,0 ! G a4 t>5)2

- 3 f t S  7, , 15 r  «2 / a 2 +  a f  a  \
“ 1 6 a *  °5,2 -I" 32 \  ~  a® ^  ~  ^  ~  ^  b7 l )

a3 /a 2 -f- a f
«/4 V &7,2 ~  «  &7,l ~  «  &7 ,s)  + *  b „ - r ^

3 a3

15 a2
—  ~  32  a 3 —

15 af_
,3

3 a3

a/ a/ 7>3/  ' 2 a f  'A 2 3

3 a3
■)}

a or 1.5 a ‘ , 15 a3 ,
— 16 a /  °5>2 ~  32 a /  fts,l “  32 a * ^ ,2  +  1^  65,2

32 a /  &5,1 32 af  ^ ,2*

Therefore i? contains the term
f  15 a 2 3 a3 7 1 , .  ,

m ' {  32 a 3 ~  32 af ,̂2 j  e ^  (7 +  7 / ) c os (r — g +

Calculation of R lu, or the Coefficient o f  cos (r - f  g - f  g, — 2 q) 3 m the Development R.

Distinguishing at present the argum ent r  +  g; — 2  ̂ by the index 7, and the argu­
ment t — 2 77 by the index 15

ayd R i
« 7 = ~ 2 d a, - * l i?i =  - 8 av2 -3,0 

3 a3p _  a 3 a2 /  a , \  . «  , _  3 a3 7 3 a9 7
U 7 — ~  8 af°3,o +  i 6 af  \a , ^ ,0  “  +  8 a 2 °3,o — 16 a * \ o  -  y ^ l  %,!

p __ a d _/?7 p
— —  2 d a  “  ^ 7

9 a3 
32 af&5,o +  !6  af&3,l +  32 {  ( a ,  5«",0 “  &7,l)

a3 l  a 1 , } _ h \ \  3 a3 7 , 3
a /  \ a z ®7,l “  2  °°>° “r  2  ^  J  ~  16  a /  °5,0 ■+■ ! 6 « /  °5 ,l

15 a3 
32 af

7 , 15 f  a3 / a 2 +  a f  ,̂ rt a , \  a3  ̂ , a3 t 7 , 3 a 2 ,
65,o +  32  {  a 4 V «/2 &7’° +  2 a,° 7, \ )  “  2  a 4 ®7,0 +  2 °71  j  +  8 a 3 ^,1

15 a3 t  , 15 a3  ̂ 3 a2 3 a2 _  9 a 2
““ 32 a 4 °5,0 +  32  « 4  %,o -T 32  « 3  »5,l +  8 a 3 ^ ,1  — 32  a f

Hence R  contains the term bb>l e et y2 cos (r +  5 -j- gz —■ 2
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Calculation of R 1V, or the Coefficient of  cos (r — |  +  2 in the Development R.
Distinguishing at present the argument r  — % +  2 ti, by the index 3, and r  -f 2 ^ 

by the index 1,

R*  =  -
a d  R  
2 d  a

R, = bo a -16‘ a f  3,0

3 a
] 6 af 3,0bo r»

757? C ,  *5,0 -  *5,1) +  *3,0

3 a3  ̂ 3 d 1 ,
l6 ~ a f bW +  16^3 05)i

8^* 63,o

/> _  _ _  »
" i t -  2dtf, ^ 3

3 a .  3a3 , 9 «3 ,
— J o V f  b3,0 -  8 af ,̂0  H- 3c2 a 3 05,i “  32 a 3 ~  % \

15 a3 , 3 a? ,3 ? 3 a3 3 .
+  32 ~Tf0 ~~ W a f  ~\QTf +  16^4 »5,o ~  16

9 a2,
~  32 a f ° W

9 (ft
Hence R  contains the term 3 t/aT ,1 e e/ 7 2 cos (r  — i ~  I, +  2

Calculation of R y, or the Coefficient of  cos — +  in the Development R.
Distinguishing the argument *7 — 7jj — g by the index 3, and  ̂ ^ by the index 1,

* d Rt n i> _  _A_ /,
~  7 t i —  ~  4 -3,o*3 =  "  

ft =  -

2 d a;

at d R 3 
2 d  a,

,> _  9«1 ,
^3 ~  16 W5,l

9̂ /2 (ft
Hence contains the term --1(. ^  65>1 y,cos (g — g; — +

Calculation of i?VI, or the Coefficient of cos (g +  g, — ;j — rif), in the Development of R. 
Distinguishing the argument 71 +  r,t — g by the index 3, and +  by the index I,

"3
a d Rx 
2d « i « . =  *5,0

^l vi 2 da‘d R3 -  R ,  =  - 9 a3 j 
} 6 a f  *>,i*

Hence /i contains the term -- &5i cos (g -f- gy —  ̂—

Calculation of R yn, or the Coefficient of cos (2 r  -f- 2 gy — 2 in the Development R.
Distinguishing the argument 2 r — 2 ?? -{- g, by the index 7, and 2 r  — 2 by the 

index 1,
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n} = - a ,d R x 
2 d a,

=  8 ^ 1 + 1
3 a2 , 3 a3

* 1 R l ~8 a  *

3 i f  /'«  7 1 7 1
,a y "5,1 “  2 ~  216 ay3 '

,3 3 a2 , 3 a3 ,
64 b^1 " 32 a 3 65>0 ~  32 af  <

A a? °3,l

3 a3 ̂„ - -  7 , » “ , 3 a3 , 3 a2
16 a 4 ®5,o K )«* °5,2 "T i6  a4 »5,i “  32 a,3 ®5,o “  32 a/> °5

3 a2 , 3 a3 , 9 o 2 ,
“ 32 a f  ®5,0 T  16 a 4 *7,1 “  32  *7,2

in the lunar theory.

2 R vu =
a, d R 7 n p  3 «y d 72,
■ado" 2  i  " d ^ T

jR7 3 p  3 a2 , 3 a3, 9 a2, 9 a2 . 9 a2
“  T  “  4  ^  — 64  a 3 *7,0 — 32 a 4 *7,1 -T 64 *7,2 +  64  *7,0 “  64 a 3 *7,2

3 a2 , 3 a 3 ,
=  32 a f  *7,0 “  3 2 7 // *7,1

5 „  3 a2 , 3 a3 , . 9 a2 , 1 5 a 2 , 15 a2 ,
— 2 R 7 -  y k i =  I6 7 3 *7,o — bT 4 *7,i +  1673 £5,2 +  32773 o5)0 — 3273 5̂,2

9 a2  ̂ 3 a3 , 3 a2 ,
“  32 af*7,0 — 16 af*7,1 +  32 a f  *7,2

_ 9 a2 , . 3 a3 , 15 f  «3 /  « 1 , \  J _7 J_/ \  1
2 R v lI— 32 a f  *7,0 •" 8 a /  53 ' 32 y a /  \  a y 7>° 7>V 7> ! 2 *7° 2 *7,2/ j

9 a3 , 3 a3 , 3 a2 ,
+  32 a 3 *7 0 8 a 4 '7,1 "T 32 % ,2

3 a9 , , 15 f  «3 ( <f_ +  **/2 / a  7 7 \  . «4 7 “ 4 7 /
32 of5>2 ‘ 32 y a /  V a f  7>1 a/ 7>° ay 7>2/  ' 2 a /  7»° 2 a /  7>2 J

3 a2-  -  7 13 a3 , __ __
— 32 af '7,2  “  ’2 a 4 *7,1 "T 32 « 4 *7,1

1 3 «3 7-f- —— bz

3 a3 7 , 3 a2 ^
— “  8 a 4 +  32 a f  *7,2*

C 3 ft 3 eft ")
Hence R  contains the term m,j — y^T4 ^7,i +  677/ ^,2 j  cos (2 +  2 ^/“  2 *)■

Calculation o f R y n ,or the Coefficient o f  cos (2 g -  2 *»), tw the Development

Distinguishing the argument g — 2 by the index 65, and the argument 2 y by the 
index 62,

« fi5 =  -  IT d lf  -  2 B *
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3 a2 /  C L . 1 , 1 , \  _L_ ^ 7j
^ 6 5  =  1 0 ^ 2  % ,l -  1 6 ^ -3  V ~  05,1 —  "2 °5,0 -  ~Q 05,2 -t-  4  0 « 03,1

3 a2 7 3 a2 7 3 a3 7 , 3  a2 ; , 3 a2 f _ a _  ,
— 32 a?5̂>° 32 a f  ^5>2 16 a f  " 5>1 ' 32 a f  5,o ' 32 a f  ' 4 3,l

n   ̂ 9a j, 3 a 73 a3 L 
~  4 ~ a f +  l lT a f  ^ ,0  —  16 a 4 05,1

=  g-^3 in the lunar theory.

-  ^vm — Qd a
65_ 2 R  __3 a d /?62

4 d 2 ^62

3 a2 7 , 9  a37 9 « 3 , 9 a3
16 a 305,0 +  32 a 4 ®5,l +  32  a f  05,0 32 a 4 5,1

a 3 a2 /  a . J_ 1 J_ ; \
8 ^ f  03,1 +  8 a 3 \ a ; 05,1 “  2 °5,0 “  2 ° W

+  32 {  ^  &7,0 -  &7,l) ~  ^  { a ,  &7,1 ~  "2 &7,0 “  }

3 a3 . 3 a3 . a  5 a .S o '  t , 3 a° ^
8 ^ f  05,0 +  8 <  05,1 — 2 ^ 2  03,1 +  T6 ^ 2  03,1 

15 a2 , 15 a2 , . 15 a2 , . 3  a3I d a ,  l o r  , i o a , ( o a" ,
~ “  32~af 05,0 “  3 2 ^ f  05,0 +  3 2 ^ f  05,2 +  4 « f  05,1

15 f  a3 / a 2 -f a f  7 a , , \  a4 . a4 . 1
'” 3 2 ^  a f  V a f  7>l a y 7>° a, 7,2/  2 a f  7>° 2 a f  7>2 J

15 a2 . 9 a2 , 3 a3 . 15 a3 . 3 a3 .
~  ~  W a 305,0 +  S2^f 05,2 +  4 a f 05,1 32^f 05,1 +  32^f 05,1

15 a3 3 a3 , 9 a2 _  3 a 7 , 3 a 2 ,
“  16 a 3 05,0 +  8a  4 05,1 +  32 a 3 65,2 “  “  8 a 2 05,1 +  32 a 3 65,2

15a2 . .y-^3  in the lunar theory.

Hence R  contains the term -j — ; &5}1 +  ^5,2 r e2 cos (2  £ — 2 77).

Calculation of jRix, or the Coefficient of cos ( 2 r  — 2 £ -j-2  ^), m the Development of R.

Distinguishing the argument 2 r  — £ -f 2 ^ by the index 3, and 2 r  -{- 2 ^ by the 
index 1,

a d  R,
^ 3  ~  2 da

^ 3  — lfW 2^3,l — lfi/7.3 ( a h , i  “  2 5̂,0 “  2 ^5,2)  +  4 a 2 ^3

A  =  - 8 a /2 "3,1

] 6  a f  3,1 16 a f  \  a, 4 a f  3,1

15* ^ viii(or R71) =  — —— this agrees with the result I arrived at formerly, since confirmed by M. Poisson.16af
MDCCCXXXV.
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3 a ? ,  3 a2 , 3 a?3 a
— 32 a f  “  32 a,3 16 « /  +  32 a* ft5,0 +  3 ^ 3  *5,2 +  4 ^

a , 3 a2 3 a2 ,
— T o ?  *3,1 +  3 2 a ?  *5,0 — 3 2  a 3 *5 “

,  2j    a d R39 u _3_ d
w ^ ix  2 d a  3 4 d a  2

1 p  3  p  _  a  7 3 a2 * , 3 a 3 , , 3 a  ,
-  2  ^ 3  4  ~  3 a 2 *3,1 “  3 2  a ?  *5,0 “t" 3 2  fl 4 *5,1 +  3 2 ^ ?  *3

~ , 3 a? j 3 a?
Tv "3.1 vjo ~ 3 " 5 0 r32 a 2 3̂,1 32 a? >̂,0 +  3 2  f l* 5̂,1

3 „  3 a2 , . 3 a 3 ,o 77 3 p  __  ̂ 2, 1 3  ̂ j, ®  ̂ | 5 a ,
~  z  n ‘i ~  2 ■“ ! — ~  8 a? *5,0 8 a? *5,1 ~  8 a 2 *3,1 "T T6~H? *3,1

3 a2 , 3 a3 , 3 a .
=  “  8~a? *5,0 +  8 ^ ?  *5,1 ~  I6^J

9 a3w >  a 2. . 3fif2
“ 'S x  — “  32 a 2 *3,1 +  16 a,

3,1

3 a2

1 5 f a 3 / a ,  , \ a4 /  a , 1
+  32 {  7?  V"  ̂ “  ^ d / “  <  ',1 -  y

3 a3 3 a3 , 3 a  ,
“  S ^ 3 ^, 0 +  8 a? ft5,l ”  I6 a ,263d

7 a , 3y a* 3 a3 , a a  ,
32^a? *3,1 ~  6 4 a ?  *5,0 +  T o ?  *5,1 — 6 4 ^? *5,2

, 15 f  a? (a? + a*   ̂a  ̂ a , \  a4 #4 l 1
+  32 I  “  a? \  a 2 *7d "  a, *7,0 “  a , °7,2/ +  2 a? *7,0 “  2 a? *7,2 j

On O Q „ T - c2 1 a? £ j 21 a9 2, 39 a9 , 3 a3 , 3 a ,  15 a3 A , 3 a3 ,
“  “ 6 4 ^ 3 *5,0 +  64^? *5,2 -  64a,3 *5,0 +  J J T  *5,1 “  64^?6 5,2— 3 2  a ? *5,1 +  3 2 a ? * 5,i

3 a ,  3d? ,
~  ~  8 a ?  *5,1 +  3 2 a , 3 *5,2-

f  3 a 3 a2 ")
Hence #  contains the term j  — ^54 +  5̂,2 r c2 7 2 cos (2 r  — 2 $ +  2 37,).

Calculation ofRx, or the Coefficient o f  cos (2 |, — 2 in the Development of R.

Distinguishing the argument 2 ??, — £, by the index 65, and the argument 2 by 
the index 62,

a ,d i2 ( 
2 d a,

z> __ *62 9 n
^65 — “  t; H«. “  ^ R 62 =  - ^ - ,  b,

Ra* = 8 a,

8 a ?  3,1

, 3 a? ( a , 1 ,  I , \  g 7
2 3,1 ‘ 1 5 a ,3 \ a ,  5,1 2  2  ' 4  a?  3

3 a ,  3 a2 , . 3 a3 ,
T6a? ^ ,1  "  T 6a? 65,o +  ®5,i
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Utd l l (55 n /> 3 d 5
— -----  ̂ 1  ̂ A m~  n2d a,

3 a L 9 a2 * ,
u*' O5.0 “r

4 d a,

3 a3

2 *

L , - 9«2
16 a f  3,1 32 af5>° ' 8 a /  5A 32

3 a 3 a15 a3 r , 3 a3 t  3 a .  , 3  a2 3 a3 ~ ^ h
~  * 3%dff "5,1 +  32^"4 "5,1 “  8 a /  "3,1 "T 8 »5,0 “  8 a /  V  “  16 a /  "3,1

9 a2 /  a  . 1 7 1 7 \  [ 5 a
+  3 2 a /  "s,i “  ~2 "s,o ~  £ "5,2/  "t* if, a * "3,1

3 a2
— 32 a 3 ^ .°  16 a /  "3,1 8 a 4 "5,1

3 a3 . 3 a2 .
~  —  "5,1 +  3 2 ^ 3  ®5,2*

3 a3

. 3 a3 7
bo , — tttt fi

Hence /? contains the term <j — ^ 4bb x +  ^-^3 &5)21 ef y f  cos (2 £; — 2 #,).

Calculation of the Term in R xl multiplied by e2.

Distinguishing the argument r  — 77 -f  ^  by the index 1, r  — 7? +  ^ ~  ? by the index 3, 
and r — n +  v, +  £ by the index 4,

n _
^ 3 — — 2 d a

» ____ £L_ 1 ^ 1
— 8 a /  °3,1 -  8 a 3 

3 a9 , 3 a2

/> __ a d R x __ jy
Jt4 ”  “  2 d a “  n  >

(  a,  h i  ~  "2 ^ ,0  — "2 ^ , 2)

* ! = - 4 a /  "3,1

3 a9 , 3 a2 , 3 a3 , 3 a2 . 3 a9 .
T F a / "5 0 ~  I~6 a /  "5,2 “  8 ^ 4  65,1 +  u j ^ /  "5,0 +  1 6 ^ /  "5,2

2 Z?

3 a2 . 3 a3 .
=  8a»  V  “  8^7 "5,1

a d .Rj a d 223 d
xi 2 d a 2 d a 

3 a2 , . 9 a3

2 d a
a d Rx

3 a2 . . 9  a3 . 15 f  a /  a . . \  a4 /  a . 1 .  1 , \  ]
“  ~  4 a 3 ft5,o +  8 a 4 &5,i +  8 (  5?  ft/,0 ”  ^ ,1 /  “ a /  V a, &7,i ~  2 ^ ,0 ~  2 ^ ,2/  J

a .  3 a 9 / a .  1 . 1 . \
~  8 ^ 7  "3,1 +  8 ^ 7  \a ^  "5,1 ~  ~Q b5,0 —  2" "5,2/

3 a 9 7 , 9 a 3 7 , 15 f a 3 / a 2 +  af  1 7 a   ̂ \  , a 4 7 a 4 7 ]
~ ~ 4 a f  65,0 +  8^/4 65,1 + - 8  {  ~  ^4 V ~ ^ / -  &7,i ~  ^  "7,0 “  ^  ®7,2/ +  2 <  "7,0 -  2 ^ 7  f

3 a 9 . 3 a 2 . 3 a 3 , 3 a 2 z 3 a 2 ,
™  16  a  3 "5 0 +  16 a  3 "5,2 +  8 a  4 "5,1 “  W d f  "5,0 “  16  a f

3 a9^  . , 9  a3 15 a3 . 3 a3 . 3 a9 .
“  “  4 a 3 "5,0 +  8 a 4 "5,1 -  8 a 4 "5,1 +  8 a 4 "s,i “  lb*a f  "s,o

* For certain reductions which occur here, see the calculation of

L 2
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, 3 a? 7 , 3 as, 3 a 3 3 a3
+  16 a 3 bW  +  8 a ,4 ®5,i ”  it> ~~

9 7
— 8 a 3 "5’°*

9
Therefore jR contains the term — W a 3 h,o e<2 cos ~~ *7 +

Calculation o f the Term in multiplied by e2.

Distinguishing the argument r — m +  by the index 1, the argument r  — ;? +  nt — 
by the index 6, and r  — q +  tit +  by the index 7?

R 7 — —  2 d fl/ “  7bi
Z> — d

6 2 d a y R ^ - f ^ b
a

4 a 2 3̂,1

jR6 — —

3 3

a i, 3 a3 /  a  . 1 ,  1 , \
~A~af̂ 3,1 +  8 ^  ~  2" 65,0 —  ~2

3 a9 , 3 a2 3 a3 3 a2 a 7
lb ^ 3 65,o +  16^3 o5,2 -r  ^  o5,i — 1 ^ 3  %0 — ^  o5>2 -  g^ir 3̂,i

a , 3 a2 , , 3 a 3 ,a   ̂ 3  a r 3 a  t,
“  “  8 <  &3)1 “  8 a 3 V  +  8 ^ 4  »5,1

a7 d a y d R6 a, d R7 a, d d
^ x i  2  d at2 d  a y 2  d a ; 2  d a y d a y

9 a2
+

3 a3 . a  .
“  8 a 2 ®5,o 2 a 4 ®5,i — 4 «  2 ®3,1

, 15 f f a . \  a4 / a 1 1 , \  1
+  t { s ? < 7̂,0 ~ *7-1)  ~  <  ( ^  67,l “  "2 7̂,0 ~ 2 b7,2)  |

3 a2 ( a  ^ 1 1 . \  . a 3 a3 /  a 1 1 ,
8 a 3 \ a ,  65,1 ~2 bW ~  2 bW )  +  4 63,l ~ ‘ 8 a 3 \<h &5,1 - “2 5̂,0 -  2 ^5,2

9 a9 , 3 a3 3 a3 _ 3 a9 15 a3 3 a3
+

3 a3
■ 8 a ,3 K »  +

X
2 a * °3,l '" 8 af +8 a /  &5,2 “ 8 a,- S5,1 '"f" 8 a / &5,1 8 a /

3 a? 3 a? 3 a?3 3 a3 3 a? 3 a?
~  U J a / 65,0 -  16^3 05,2 +  s ^ 3 63,0 — 8 a ;3 ^ ,2  — 8 a 4 16 a 3 °5,o +  j 6- a;

n ,̂2

16 a 3 &5,2

9 a2
“  “  8 a 3 ®5,0-

0 ^
Therefore jR contains the term — &50 cos (i

Calculation of R XIl or the Coefficient o f  cos (r — 2 1  ̂ *Vi the Development of R .

Distinguishing the argument r  +  q +  rit — £ by the index 3, and r  +  hy the 
index 1,

* 3  =
a d i? 

2 d a1 -  2 3̂,1
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_  a d R * r, »  A  a d A  pj  / t VTI — — 2 d a  — -  i t 3 — 4 d a  -  2 / i L.‘XII

It is evident from the calculation of R VIU that R contains the term

{ * 6 , 1  -  ft5,2 }  e2 y  y,  COS ( r  -  2 1 +  „ +

It is evident similarly, and from the calculation of that R  contains the term
f  3 « 3

bK i —
3 a2

\  8 a,4 53 32 a; &s,2 j ̂ /2 y y, cos (r +  2 i t — * +

Calculation of R xlv or the Coefficient of  cos (2 r — f -f- ^ —■ n +

Distinguishing the argument 2 r — tj +  +  1/ by the index 7, and the argument 
2 r — r) -f  q, by the index 1,

7> __ fly d I i^  jy n __ a i
2 d fl, “ A  ^ 1  — -  4 0/« °3,2

^ 7  =  b3,2 +  8^3 &5,2 “  Y  &5,1 — Y  &5»3)  +  T ^ 2 &3,2

a 3 a3
— 8 ^  03,2 — iY «7 65,2 +

3 «3 7 . « » 7
16 a 4 °5.2 “t" 1 6 a/ ^>2

p _  a d R 7 p
^Xiv — 2 d a n 7

« * 9 « 3 x, i 3 ®2 * 3 a2 / a  7 1 7 1 7 \
— 8 a /  °3.2 16 a /°5 ,2-1- 8 ay3 °5,3 8 a /  V«y 65,2 — 2 65,1 — Y®5,3 j

+  16 {  a /  ( t y  b7,2 -  Y  &r,i — Y  A ,s )  -  ^ 4  ( “  &7,3 — Y  57,2 — Y  ^ ,4)  }

a _ 3 /73 5* //2a 3 a3, 3 a2 t
4 a f °3,2 8 a 4 +  8 °3-5

21 a3 t , 1 5 « 2 7 , 3 a  7
16 a /  G5»2 T  8 af  65,3 +  8 a 2 »3,2

, 15 f a 3 /a 2 +  «y3 a a \  a3
16 f  a*  \  af  ^7,2“ "^ b7,l — Y7̂ 7,3/ Yz2"7,2"T* 2 Y2ay2l/7,2“T 2(2'4̂ 7,4 ~i“ 1 2fly6&7,3}

15 a32 1 a 3 - 15 a3 9 a2 9 a2 , , 1 5 a 3 7 9 a3 r , 3 a3 z
“  16 ay4°5>2 i"  8 ay3 °5,3 +  32 a s \ i  ~  32 a s%,3 +  “  16 af  +  8 af

9 a3 33 a3
“  32 a 3 5̂,1 +  32 a 3 %3-

Therefore R  contains the term
f  9 a2 33 a3 1
{ 32 a 3 &5,i +  ^ 3  65,3 J  ee,y y; cos (2 r  -  |  ^
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R =  * terms independent of the quantities b

---- fiT £ ~261,0 1̂,1 C0S r  1̂,2 C0S 2 r  “H > &C‘ J"

-  { Y  63,o +  *3,1cos 7 +  43,2 COS 2 r  + ,  &e. j

{ - 2T - 7  +  ^ ’,4 +  2t| 1 +  l W } COST +  4̂ (* — ^t) (cosr — 2 >i)

+  7 ( 1  -  cos (r +  2  »,) +  ^  c o s ( r - 2 ,  +  2  n)

+  * r  ( l  -  7  -  7 )  cos ( » - » , ) -  ( 1  -  7  -  7 )  cos (” +  }

3 «9 f 1 ")
~  lfa?\~2 Ko +  hiC0S r  +  h,2 cos 2 r  +> &c‘ )

{  0 F + 1 ') C0Sr - y  cos(r — 2 j?) — 2 j-cos(r +  2 fy) —yy,cos(>j —fy) +  yy,cos(*7 +  j*,)

{  +  "2") cos 7“* 2"cos(r — 2;?) ~  ^  cos (r +  2 fl/) “  yy;cos (j?— *,) +  yy,cos (jj +  j  “

=  |y + ̂  + y| {1 +  cos2 r} + £ — y — j {cos (2 r — 2 j?) + cos2 }̂ 

+  { ~  y r  — y" j {cos (2 r +  2  *7,) +  cos 2  

+  {  ~  ~  ^  }  ĉos 0  +  n — *1,) +  cos (r -  * +  *,)}

+  7  7 , |  y  +  y  }  {cos (r +  n +  h  +  cos (r — j? -  *,)}
2 2

+  y  {1 +  cos (2 T — 2 r})} +  ^ -p  {cos (2 r — 2  ̂+  2 n) +  cos (2 n — 2 tjt) }

+  p ^  {cos (r — ?j -  v) +  cos (r -  3 y +  ??,)}

3 4
+  ^ 7  ̂ {cos (r —  ̂+  )j) +  COS (r -  3 q — 7̂ )} +  y  {1 +  cos (2 r -  2 ??,)}

g 2 2
+  {cos (r — rj +  jj)  +  cos (r — r\ -f- 3 *j/)} +  ^y -̂ {1 +  cos (2^ — 2^)}

2 2 2 2
— h r -  {cos 2^ +  cos 2^} +  “ -{1 +  COS (2?? +  2^)}.

* It is useless to consider these terms, because as R  contains no term multiplied by — , if the other part isar
found to contain any term multiplied by it must be neglected, that is to say, got rid of by adding a simi-

ai
lar term independent of the quantities b, and with a contrary sign.
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In Order to obtain the term in R  depending upon y4, y2, y 2 and y i t  is sufficient to 
take

R  =  —5- “2" ^3 0 “1“ 3̂,1 C0S r  “l" ^3,2 C0S % 7 ) &0 . j*

|  — y 2 4 - 5^ - 4 . | -  y /) cos r +  y y; (y2 +  y 2) cos — n)

— p p  cos (r — 2  ̂+  2 vf) + i  &c.

— 8 a f  "2" ^5>° ^5>! C0S 7  ̂ 5>2 C0S ^ 75 ^ C' ^

{  ( i f  +  2") cos T “  1 * cos (r — 2 >}) — ifcos (r +  2 J?y)

— y yy cos (q -  *1,) +  y y, cos (fj +  |

=  {  \ h o  +  h ,\cos r +  h 2 COS 2 r + ,  &c. j

{  ”  ( 4  y4 +  ' ^ L +  “I  7,4)  cos r +  7 7/ (72 +  7 2) cos 0  — 0  

-  p p  cos (r — 2 j? +  2 v) - f } &c. |

-  n ^ T -  {4- 5̂,0 +  h i  C0S r  +  h,2 cos 2 r  + > &c-}

{  P  +  ~ +  (7 2 +  7 2) cos (r +  4 -  -  (y2 +  y 2)cos(r -  +  v,)

+  ( 4  + ^ 4 ^  + ' 8' )  C0S7 +  T ^ 2 7/2 C0S (2  3 — 2 fy) +  ^ 4^  COS (2  — 2 7J 4 - 2 |

f  9 a2 7 . 9  a2 3 a3 ,  3 a2 ,  4

“  \  64 a/* ®5,o +  e»4 a f bW ~  64 af bW ~  64 ft/3 °5,2 J  7

. f  3 a2 3 a9 , 15 a2 , 15 a9 , ") 9 2
+  (  ~  6 4 ^ 3 h o  +  64 a 9 65,2 “  64~^3 ®5,o “  64  a f  j  7 ' 7/

, f  9 a2 7 , 9 a2  ̂ 3 a2  ̂ 3 a2 , 4
+  |  64 a 3 *>,0 +  64  aa »5,2 ~  64 a 3 ft5,0 -  64  a f  ^ ,2  j* 7/

f  3 a2 , 3 a9 , , 3 a 9 , 3 a9 , 1 / o , ox / . x
+  {  3 2 ^  fe5,o — 3 ^ 3  65,2 +  3 2 ^ 3  \ o  +  3 ^ 3  5̂,2 J 7 7/ (7' +  7/ ) COS (r +

+  {  ■" 64 a f  ho  +  64 a 3 h 2 ~  64 a f  ho ~  64 a 3 ^ ,2 1 7  7f COS (2 r -■  ̂ +  -  V

f  3 a2  ̂ , 3 a2 , 1 d , f  9 a2 , 3 a9 , 1 2 9
“  {  ~  16 a 3 h o  +  32 a f  h *J 7 +  |  “  32 a 3 ^ ,0  “  16 «3 h *  |  7 7/

+ { - m ?  K» + wir? } y* h» v % fr2 + v 2)cos (’■-’> +»/)
3 a2

~  3 %afho 7 2 7 2 COS (2 r  — 2  ̂ +  2 y) .

MR. LUBBOCK ON CERTAIN TERMS IN THE DEVELOPMENT OF 79
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In order to give another example of the employment of this method, I propose to 
calculate the coefficient of

e y4 COS (13 r  — £ — 4

the argument of which occurs in Professor A iry’s inequality of Venus, and n t 
being the mean motions of that planet and of the earth.

It is easily seen from the preceding pages that R  contains the term

”  128 ~af ^5,n cos (13 —

If the coefficient of y4 cos (13 r  — 4 ri)be denoted by
ey4 cos (13 r  — f — 4 . .  .

R 3 = a d R x
2 d a — 9 Rl

_3_
128

f <&_, , 5a3 / a  ,\_ 1 \  9 a9 , l
1  ~  a f  °5,H ~T~ a? \ a t % n  ~  2 *7,10 ~  2* 12 “ ®5,il j

3 f l Of l 9 , 5 a3 /  a , * * T ^ 1
— m \  ~ T f  ° b'u  ~~ H f  w  ^ 3 1  “  "2 ',10 ~  2" *7,12;  j

And i? contains the term
_3_ f  10a2 5 « 3 /  a  1 1 . \ ]
128 {  a® ®5,n “  «4  ^ b7,u ~  Y  10 “  *2 *7,12 ) ] e T '

Professor A iry has
f  27 3 7 11

{ ¥  (° ’°) +  76 (O’1) }  c 5 e/ 4- *
2

In  Professor A iry’s notation

/  =  S'" i  f  =  T§ (0,0) c "  =  ^  A52(0,1) c "  -̂ r & , „  -  dirMa 3 ^,11 a /  d a

and substituting my notation in Professor A iry’s expression, that which I have found 
results.

The method I have given of developing the disturbing function in terms of the 
mean longitudes may also be employed with advantage in procuring the development 
in terms of the true longitudes. In this problem

d R_____  r d d r ___  a d d r
d e  d r r d e

d r  d . log. r
r d e d e

log. r =  log. a +  log. (1 — e2) — log. (1 +  cos (X — vr)

=  log. a — e2 — --e cos (X — w) +  2 7 2  {  1 +  2 cos (2 X — 2 J

* See p. 89 of Professor Airy’s paper.

 on July 19, 2018http://rstl.royalsocietypublishing.org/Downloaded from 

http://rstl.royalsocietypublishing.org/


ME. LUBBOCK ON CERTAIN TERMS IN THE DEVELOPMENT OF R. 81

— 1 3 COS (X — m) +  COS (3 X — 3 or)

-J~ ^ 3 -)- cos (2 X — 2 to-) +  cos (4 — 4

=  log. a  - e4 — e ( l  +  ^-) cos (X — «r) +  — ( l  +  -|-)cos(2 X — 2«r)

3̂ 4̂
cos (3 X — 3 ct) -f- oY cos (4 X — 4 ra-)

r d f
3_e 13
¥  “  8 e3 — e ( l  +  2̂)  COS (X — m)(1 +  C2) COS

e* e3
-----4 COS (3 X — 3 m) + 'g" COS (4 X — 4 «r).

It follows from the Analysis of M. P o i s s o n ,  in his Memoire sur le Mouvement d e  

la Lune autour de la Terre, that the coefficient of cos (2 ^  — 2 in the development 
of the quantity

rq r f  R
a* a f j \-  <?2 J \  -  ef

according to the true longitudes, is the same as that of cos (2 m — 2 in the develop­
ment of R  according to the mean longitudes.

I f  b e  c a lle d  a >

d Q _ f l d Q r d r  d Q __ a, d Q d r,
de da de d e, d d *

By means of these equations, and after reductions similar to those of which so 
many examples have been given in the course of this paper, I find the coefficient of

cos (2 X — 2 X j ) ...........................in Q ............................... =  —

et COS (2 X — 2 X/ -f- Xy m)....  o “h o ^ 2

cfi
P Pt COS (2 X --  2 — X ~f“ 7& -j- Xj — G7 ) .......................................ZZZ -------  —  2

15 0̂  3 cv̂  Q cî
e e 2 COS (2 X 2 X/ — X -j- m + 2 X, — 2 m) < . . =  5̂,o+ 16 5̂,1"̂  >̂,2

Q
e2e2cos(2X—2Xy—2X +  2to--|-2X/—2^ ) or e ê,2 cos (2 or— 2^) =  — 2
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