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as regards the Eccentricities and Inclinations which give rise to Secular Inequali-
ties. By J. W. Lubbock, F.P. and T r e R
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HITHERTO in the theory of the secular inequalities the terms in the disturbing
function of the fourth order as regards the inclinations have been neglected. As the
magnitude of these terms depends, in great measure, upon certain numerical co-
efficients, it is impossible to form any precise notion a priori with respect to their
amount, and as to the error which may arise from neglecting them. | have therefore
thought it desirable to ascertain their analytical expressions; and the details of this
calculation form the subject of this paper. Some of the secular inequalities which
result from these terms are far within the limits of accuracy which Laplace appears
to have contemplated in the third volume of the Meeanique Celeste.

The method which | have here adopted for developing the disturbing function rests
upon principles which I have already explained #. Very little trouble is requisite to
obtain certain analytical expressions for the terms upon which the secular inequalities
depend, or for any others, in the development of the disturbing function; but it is not
so easy to put these expressions in the simplest form of which they are susceptible ;
and this is a point to which | think hitherto sufficient attention has not been paid.
It will be found that | have obtained, finally, expressions of very remarkable sim-
plicity : to accomplish this, however, | have been obliged to go through tedious pro-
cesses of reduction, the details of which are here subjoined, in order that my results
may be verified or corrected without difficulty. In order to give an additional example
of the great facility with which terms in the disturbing function are arrived at by my
method, 1 have calculated one of those given by Professor Airy, and which is required
in the determination of his inequality of Venus; and | have arrived at the result which
he has given. The same method, with certain modifications, is applicable to the de-
velopment of the disturbing function in terms of the true longitudes. The terms in
the disturbing function which give rise to the secular inequalities of the elliptic con-
stants, when the terms of the order of the fourth powers of the eccentricities and
inclinations are retained, and higher powers of those quantities are neglected, are as
follows: and | propose, as they form, in fact, a system apart, to distinguish them by
the indices given in the left-hand column.*

* Philosophical Transactions, 1832, Part Il.
MDCCCXXXV. |
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+ mi{ f£fM51 —3"7 »52F2yr, QB (T —2? + 0+ «)

[X11.]

f 3a2 _ 3a2 )
+ m'{ 8< %0 — 3277 *52]-e,2yYy,cOoS(r + 2
[Ll ((.]
f 9a2 33 a2 1
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[xiv.]

3 a2
—ml3277 x50 \V2y,208 (21r —2» + 2!),)
[xv.]

The method which | propose to employ in order to arrive at the terms in the
disturbing function, independent of the inclinations, is sufficiently explained in the

Philosophical Transactions. The following are the equations employed:
dig ad R d dR dA
de d e d dr
d
rdre iO +t)- (I -]-c2)cos?-fe(l -mE<?*) cos 2 «
[0] [2] r»]
----g €2¢0s 3 | —2 e3cos 41
[20] [35]

J7 = 2F 1 - g-jsin?+ gep - j3e2jsin2|+ "e2sin3H- -2jeisin4?.
] = [8] [20] [35]
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Calculation of the Term inthe non-periodical Portion of R

If R'9 denote the term in the coefficient of cos f*multiplied bv €3,

R8s cos 2 f
RO o, non-periodical portion of R multiplied by €2
R2 e, coefficient of cos £ multiplied by e,
o Tii adll8 3ad7£2 ad  Rlg9 d_
6Nn2=~ 2d 2d a 4da da 8da
no_ i~
~2 a 3"30i- g—F03l
Ry = - ga: a1 Ro= -~ab 1
R n p/ . 9 p _ 3fl2r 3q 9 t
2 2 4 2 i- 8 no— 8af "30 — 16q9 °3,i ~ is ®io
. 3a2 3g 7 9q I« t \ 9a3/ a , SN
3 71 423 "0 — 1602 "31 + 16«* \o/ "30 — "3,1/ — 8ad  "50 — 751/
9«9 (a 7 1, 17\
* 16 a3\ ds,i “ 2 "50— 2 "52/
p, _ #d a 3 a4 , | 9a3 7 3 a2

A2—16~7 "30 — 4~T7 031 ~ 877 "s,0+ 1674 "51 “ 3277 "50 — 3277 "s,2

7a2 a ., 3a2 , 3a2 , 3a3 , 7
16a3 046 W 7 2831 " £,8 +70 = HHE "5 « THEIF 51 H j@gqp K
3 a2 3 a3

16a3 ~3,0 — 16a/ 31 + 16a3 50 — 1l6a4 "51*

If 770 denote the term in the non-periodical portion of the disturbing function
multiplied by e4,

i __ ad R.qdadRy . 9ad RO 3 d
*mo 2dq 8dq 2d a = 16d 4dq
nll I 1 a a. .o\ 1 , 9 g2
4 A0— 167, "1,0- 16a* Va, "3,0« "3,1) “ 16a, "3,0 16 af °3,i ~r 32 af 5,0
3q 3a [a , [ 1 17 1, \
1672"51 "T- 16a2Va, °50 “ "5,/ “T S2aS\qg, "51 " 2 "50~ 2 "52/
15a3 * * AN 15«9 /, 17 17 1
32174 \a, "70“ "7,1/ “T 3293 Va, 7,1 2 "0~ 2 "7,2/
1 /a9+ q*, a L A g
T67yV ~ A~ “"3>°~ 2 @ "31/ ~ 16qg2\qg, "30~ "W l6a, "30 162"
Qg2 , 3a3a (a \ az /q , J_, J 7\
32 «s 5,016 q2"51 + 1&6@r9\\qy a0~ s,/ + 32 va, "51 2
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15 a?a2+ a2, a, \ 15a2, 15a2.
3227V a2 ®0~ -~7,1/ + 64a3670“ Q~f 2
a ”"a24-a2, a , a A N i 3 a,
= - 8a? Bos,1 o« "s0 — AN *52/ + 6477 "50“ 877 "51
3a2 j 15a2 . 3 a,

~ 64 a3652 32a/ '"50+ 32a2'51

5 a2 13 a , a3 , 5a2 ,
— 6477 "50— 32 a/'"51“ 32a4'51"T 64al'"s2

a a3 a2 , 13a . a3 |, , 5a9 ,
“ 32a7 "51+ 32a,4'"51 + 64 a3"'52 324a,2'5,1 32a4'"51 T* 64a3'"5,2

3 a, 3a2 ,
= “ 8N7 51+ 327N '62*

Hence it contains the term

f 3 a, 3az ,
m/( “ 32a2'"51+ 1284a,3"'52J

Putting for 2&1? bs2 their values in series, the first term is

15 a2
— 32 a®*
This result agrees with what | have before arrived at in the Lunar theory. 1 have
neglected no similar opportunity of verifying the terms in the disturbing function
given in this paper; these opportunities are however but few, as the terms multiplied
by y ®may be dispensed with in the lunar theory.

Calculation of the Term in the non-periodical Portion of the disturbing Function mul-

tiplied by e2
If R'2now denote the term in the coefficient of cos f multiplied by e
RO e, non-periodical portion . .. 82>
ee2
N 0 — gO,* /\3’1 -n:< — Zj **0
Ji' — 1 (a hLh 17 \ 1 « 7
N2 — * 8a,3\a, "51* 2 "53 “ "g "5,2/ + 37”7 »3,i
_ft |/{:¢ ad it'2
, L a , a , 3a3, 3a?, 3a2 ,
#n-oar = - gn~7 "31 % 8”7 "31+ 8< "51°“ 167”7 "50 ~ 1677 "5

prr L ,3 a2 7a, 1, la”™19"3 2z
0— 8a2 31+ 8a3va "51“ 2 "0“ 2"W + 16a4'5l
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3 a3 3a9 , 15 a*
Tftaf~,0 « 16a/ —wa? \hy 71 2 M0~ 2 ")

, 15a2/ a 7 I~ \t> cd1 17\

+ 324//VX "7,0 “ &7Al -T-32as Vayft7,2 - 2 *7,1 ~ "2 *7,
a j , 15a3~ 3az2, 3a2 ,
8"< *31 + 16a/ *51 “ *50 7 473 »572

15a/ /a2 + afn , 15 a3, 15a3

“ 1674\ al  *T1* N 70— A~ *732/ + ed4al 'l — 64al *73

3az2 . , 3 a2 , 3az2, 3 a9 99 7
~ “ 16a3®GEHT 16 a8752 = 9 «} "50“ 16 a> &52 16 23350

Hence the disturbing function contains the term

—|f~r "50e2e25in the lunar theory — e2e/

Calculation of the Term in the non-periodical Portion of R multiplied by e*.

If  R'8enote the term in the coefficient of cos £ymultiplied by ey

H oo B cos 2 A
12D cos iy
R "M e non-periodical portion of R multiplied by e2
S SRR A
n ayd adi2n 0 ayd ayd . 9adRqg
"R 5 2day 2day 4d day ' 8day
1 ’ l a = - N
“ 2ay*30"h 2a2*31 R¥7— ~ 2a/ 0+ 8a2n,1 Sap 31
5 7 , NS NT o)
£‘>Hz\—2 4fl5-B'o + T«o = 3 ¥« o7 g «C
“ 8ay”~30 - 16°.0
3 7 , 3 a, , 9 7 9a
3 — “ 8a°30-r 8az2 i + l6ay*i,0“ 16a/ ~30- 73,0
i 9a Y 9a2 /
+ 8a* gkO, ' 16 a8ay» - % ns,o — 21 0
_ 3 . 9«2 7 . 15« A , 9 J/a2+az2,
~ 8ay"30 — 16a3™30T 16a2"31-r \ af °30' a ™31/
9a /az2+ a*. _ 7\, 27a2. 9a . 9«2
~ 16a2\ < V - ay 5 ay +32aB6M “ 16432@5i
1, 3a | So8 . 3 a.
5« 167(*30 — 1672 »31 + 173 *50 “ 16~/ *51
Anr,  «_ idi2,0 , aécéT?OI aydi?5 3afRn
Ah n_-Eﬁ'éS/T*. T - tttpg by A T ay
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Ho | Rh| 9 R
7z R 2117
1 (. N« ~3aaz
16 &V < 16 — @i 9 b2 a-3"% 320 w3 32 af A0
3a 9 A . 9
+ 3040 51 =W B B0+ 32 At A-aL- a3l T 8 "30 32, «"31
1 » a a - 9a*
g i5n v Rap s )-NH &sE0 Te0¥4aiU % & veo
3 a , 3a (a, \ , 3a2/ J_ J , 0\
" Tgg2®5 + 16a2Va, ~0 *51/ -T 32a3” %\ 2 °50“ 2 »5)2
15 a3
32a4(t)~70“ 67,1) + 32a* (a "1 2 AT0¢ 2 N2
1Ak fiy* roflAoA A I~ 2 \ 1/ ® 7
= 767, NO~ 2 W -1TeT2V7; ft30- %,i; —T67, °30 - as,|
Qa* 3a 3fl/fl 1/ 1/ \
+ 3272 ®0- 1672 051 + T6a? V«/ 5°** 5>V 32a V«/ 59" 2 5°- 2 A 29
15a* /a* + a? i n a .\ 15 a2 , 15a2 ,
327s al~ [0* 2~ @Ilj + 64a3 0“ 64 h 2
a ja -\ 27 a9 ; 3a
8?72V a, "5 ¥y + 647/ gn2 =1
3a2 15 a9 3a
64 23752 “ sza3s + 32a271
5f12 | 13a , 5a3
64 a/* Y6 — 82 aRes5i ~ 32a4”.i + 64-a9w52
a , a3 a3 13a 5a2
“ 32a3 K 322475 + 64 a3,2 32a9”1 32a4%I| ~ 64 a3
3a 3az2 ,
-------- 74971 + 32 W

Hence the disturbing function contains the term

f 3a T . 3a3 7 1 . , . 1
>{ Waf hi+ 1287?12 j <; in the lunar theory- -~ r ¢?

In the preceding instance, and in the case of terms depending either upon e4 or e4

solely, the term in the disturbing function can only be obtained from or ; but

in obtaining those which depend both upon e and ep they may be obtained indiffer-

: N . . _ dR
ently either from the combinations which enter into the expression for or from

those which enter into the expression for
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Calculation of the Coefficient of esetos (r —£+ in the Development
If Ro denote that part of the coefficient of cos (r — 2 £)which is multiplied by e2
fll Cos 7 e°
e2
*4 COS (T + i) e
«3 cos (2-+ 9 e
e3
_ad R3 aid _ 9 adR 3 adB4 &
SR3= 2da  2da™ %% %6 4a  T*1 T da 3 oA =
3a 3a @ a a fl fl
H - ’
«3 = - Qaf+ 4ayﬁa© © U 4.1 132 179 = g2t 162730 « I6fly2 A32
a a a 3a , _EL 7 fl
*4 = 2 af 3730 « 2a3"31*+ 4a? "32 #1 = 2 "dny 30 2my2 3.2
_ __"2Ri_ R) ® 5 3 1 3a 3fl flo fl
- at 2 2 to*® 4 Hi- 2 gap « 16fl/ "30 “T 8a«03| - *A32
5p __ 3a 3 a, 5a2, 5a
*y+ T «1 4 i<4 — K|l —g—a— 16a* "30+ 873 ®1~ 1672 03)2
2 3 & 3a , a ,, a , o / . \
8 T, 42— F—Xf \a{"50 "5l
-T2 V/—¥ ho~ ) —Tf h* ~ ¥ hi ~
) Sa,
+ la7 - fel; 20+ fj ~ - waf "32
- 71 9a2

7a\

~ gaf™1 16 32~ 16
3 fR2F § <«< a __\ &2, S, | w7 a3 ? 1
8

“ vV n e "B\ 2 A*®b1+ 273"5,3 N 20/4"5.0"20/4°5,2j
3«9 3a . 9«3 , 9«2 7
8a3"31 16 af "32 “ 1675 "50 + 16 «3'"51
R a 3a2 , 3a3 j
5 - - W af"32 + 1673 65i — 1674

If 1?7"55denote that part of the coefficient of cos (r—£ -f- £) which is multiplied by ete3

af R'z
15 =~ sdat
a 1 1 9«2t 3a3 . N 3«9 o« J J 7
16 af "32 “m 32 «a'"51 “ 8al/l 52 3eaf \ay 52 2 5] 2 53
15 f a3/ a . a4
32t «? W A @ «/ 71 _ 7,3

+ a 3 a2 3 a3
16 ay 16a,3'"51 * ]6af '52
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3a2 3 a*3az2 , 15 f a3 /a2+ af . , a , \
64al < 32a? *52 — 647~ *53 “ 32| “alV < "o~ td o~ a3

«3 * «3 w 4T T
~ 2a4 »0 “r 2a4»72 -r 2al "1 " 2a? °7,3}
a2 7/\_ 3a2 /7\ 3a2 7 3a2 3a3
0N @ 38448753 (I @%43}59 32a/ "5 32 51 — {Qaf 52

15 a2 , 3 a,
— 32a3'"51 — I6a? *52-

Hence 72 contains the term

m/{ 320? *5,i *“ 1677 *521 <Qe3cos (r —f + |y.

Calculation of the Coefficient of eefcos (r —| + 1)e
If 729 denote that part of the coefficient of cos (r -f 2|y which is multiplied by e2
T 2 e cosr A9
T2 e %
COS (- BY oo ey
COS(r+ |Y e <2
VN
opr _ «d/MB7T  «/d729 , 9 «d72t 3 3ad7% 5 ~d/?, ,
7 2da/ 2d a/ "* 410 * 16 da, 4 dav 2dap ft 1 4 (W
N — a7, i 7 7 ~ _ a a,
'~ 4af "307 24a "31° 44a3"32 A19 = tTA3~ 1677 30 ~ 1677 "3.2
2a a 1, [ i
n*  ~ af” 4a2"30% 2a,"31+ 4a232 (29T g0t 422 30 2a
> "3, . "3, 23, > T , B 32
1 ay a]ypifl
™ 723 .97 3, R _ 3a 3a 17 « 7
2 “ 2 +16fti" 4i(e” 2“ 7 427 + 16a? "30+ 8ay*3l -~ "32
p i 7p _* /> y 3a 3a j , 5 N 5a,
197 8 Ki 4 76 Al — — 2aB~ 16aw"30+ 8 31" *16a3"32
g _  3a 3g 7 1 7 X ai, , N
7% 2a2 8a2'"30~ 8ay"3l+ 4 832 + Hiof Vay'50“
+ ¥ {7 Bl — 2 *50 — ~0 *502) A3 (—*52 - 2 %51 ~ "2 *53) |
3a 3a 7 , 5 7 5a .
2a2 16 30+ — *lgzo F7sayr31 16a2"32
9« 7 , 1, a 1 t 8

“ 16a®"30 + 2ay™31 “ 16a3"32+ T { a2V a2 "52“ ~ "51“ A~ 6537

, a 3 , a2 N 9«2 A
t 0.8%1~ 27 "BL ZH% *BQT 04T *§2|r TT tgaa ™50« Terds ™5
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a. 1, \ a Bl i
~ 16a? 30 + 2flj %1 + 1 6 83,2 « 632 + 4/~? 732
| j%a3 * 9a2 ,
— 8~ ®31 + 1674 %0 — 05,1
3 1 3a97 , 3« [ 3a , 3 F 9a3 9 a2
8 a, "3,1 8 «/ "3,1 T l16a* "3,2 “ ] + "3,1 + 16 «4/\>0 16«3 /\51
9a9 , . 9a3 ,
—*“ 16a/'"51 + 16a/4'52-
3a9 , , 3a3 7
*7 l6a3"M + 16a* "52

If 1?”55now denote that part of the coefficient of cos (r - f-f *) which is multi-
plied by ee3

«d R7 "
2d« ~ 7
3«2 , 9 «3 , 15a3 . 3 t
16 a3'5d “ 32 2452 '* 32 'ad4'52 + 32 aa6sl
3as3 3 a2 3 «s
~ 16 ags2 * 16 ilox| 16«/ "s2
15 a9 S«3

“o32"N 51 ~ Te-~N5'5.2

Hence jR contains the term

f 15a27 3a3 1
mi{ 325/651 - 16T?2h* j-eedcos (»+-2 + «,).

| have found that the disturbing function contains the term
- IfArb5 . 2e2<2cos(2r-27?2 + 2i,).
As | have given elsewhere the details of the calculation of this term, it is unneces-
sary to repeat them here.

In order to obtain the terms depending partly upon y2 y,2 &c., from the same
equation, the following transformations are necessary:

COS X = COS (X' —m W V)= C€OS (X' — V) COS v —sSin
tan (x — V)= cositan (Xx —¥£)
. X X 1 . X cos»tan (X —6)
- ' 1+ cos9 tan2(A — ¥ "1+ cos9 tan2(A —

C0s9A- cos (X — 8§ + V) {-sin9A- cos (X — 8§ —V
cos v— cos »tan (X —£) sin v X—8§+ v+ X—8§—V)

cosX= | + cos9<tand(X — 6) 1 —sin9»sin2 (X — §)

. c0s2— sin (X — 8+ V) —sin2A-sin X —§ —V)
_ cos 1tan (X—0) cosv—sin v 2 £

sin X LT :
1+ cos91tan2(X — 6) ~ /1 —sin9 sin2(X —£)

r = r 1 —sin2»sin9(X — £)
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r r¢{cos X —X) + ss} = rry cos2y cos2” cos (X— X —€-fg, + \)
+ sin2y cosycos(X-f\ —€—£y + »)

+ cos2y sin2ycos(X -f- ¥—€-F

+ sin2y sin2ycos (X —X—g-f €&y— +
+ teutoni,cos(x_ Xj_ g+ €)
_ N cos(x+,_ gt+ty}
2 g | 2 n
Iftani= vy, coszy = 1— \ + JaY&in2y = Id 7
If nt—t t+ s— s,—E€+ g, + v—ut be called
and ifwE+ s—€= ¥ n{t+ 7—
are neglected Xx= nt+ g Xy= Wy t+ g, r=a, r{—at
rr/ (cos (X—X,) + ss,} = aa, | cos2y cos2 cosr + sin2y cos2"Jcos (r—27%

+ cos2y sin2y cos (r+2 X))+ sin2y sin2y cos (r~27+2")
T A/asC—hr —y—asG+D

= oa/{ (i - 4"- 4+rard+ y i+TB"4 CO5T
+ 2 (1~ t)cos(r~2» +~-(l -~ )cos(t+ 2,)

+ N cos(r- 2n+ 2h)+~ (I - N - t)cos(c- "9

In order to have the terms required depending upon the squares of the inclina-
tions, it is sufficient to take

R— "]y ”i,0+ ~iyicosr+ Mj2cos2r+ & c.|
+ 7faf| y 30+ ”"31cosr -f bs2cos2 + &c.j-
{ (7-yy) cosr—y cos (V- 2 —y cos(r+ 2

—YVY,Co0s G—R + yy,cos @+ Y|
K 2
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=~ Ti{ t N«+ Bijicosr + Nicos2r + &C. j
+ (y y2M31+ ("30+ 732) (y2+ y¥) cos
fAr 730y2cos (r - 2 n—~n" b 30y2cos (r ¢
- 4< *3077,068FQ->"!,)+ 4jr *30cos @+ <»,)- *3ly,2cos (2r - 23
~ 8a1*311M1Q0B2"—gr2iN7208Q2T+ 20) —~7r /,,y200823
- 4< 7M3jiyy,cos (r - 4-*) + 472 ™31yy,cos (r+ 4+ *)
. mla ma
+ 7B1yylC°s (r- 4- *)- 632y y,co0S (2r - n4- + &C
dR dR dr dRdA
As before, a7 = 7T7d7 + 7Ud7>
but in this form of development
dR drR . dR dR _ _ dR dR
dA “ dr + dF dA dr * d>;
Calculation of the Term in R multiplied e2y2
™ _ d RO
R2— — da R0O~~8 731
. h 3a2 /a %a \
Ry T —Baf 51 + p«3\am, %;&—265@— iy
é 3a3 a 3a2 , 3a2 ,
16a3"5 17930652 < ga/ 51 16a3 50  16a3 52
3a2
y50 T BAK"p1*
If the term in R0 multiplied by e2y2 ke called
Q >/ _ ad RO , acR 2
AXE—"9d:  2da
3az y m 3 a* u 3«2r 9 a3 ,
— T3 *5,0 “ id fl4 51 "T 8a**50“ 16a4*51
— 16 { a* (a, b70~ by - «s (a b7\~ 2 "o~ 2 7
9a2 t 3a3 . 15 f a3/a3+az2 a , a, \ , «4, <4 » 1
— 16a3750 4a4751 — i6\“ «4~ * 67| ~7,0 a 2j + 2al 70 2a,6 7,2/
9a2 3a3 15 a3 3a3
IGA 3650 “ 474 05i + TFa7 @i “ T6"<7 »5,1
9a2 ,

16'a3 °5,0-
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MicP . . . :
- 3gas &0 Q ey2+ y2- Putting for 0Oits value in series
. : 171,07 .
according to powers of —, neglecting y k fl find for the I

which agrees with the result | have arrived at elsewhere by other methods.

Calculation of the Term in Ro multiplied by ef y2

atdRO
Rs5 = - da. AO— 8 *3,1
A5 7 4a? &1L b af &1 a ho“ a 7,2

aa 3 &Ba? 3 a3 3a3 t 3a2
4n7 31 - 877 *31+ 1672 050 — 16-~1 52 — g-~4 &1 + 7571 %0 + UUi} 632

a j ,3 a37 3a3t
- 8n7 *31+ 87M7? *50 - 8 < 65,1-

If jR"0denote the term in Ro multiplied ef y 2

9p*" _ axd a‘d”5
0 2d a, 2d a,
a3 a3 a3 , , a |, 9 a9 3a37
16a,2*31 — Ufa3*50+ 1674 o511 + 8 *31 + f6a3*50~ 474 054
3a2 /aa 1 1 \ 15 a3 3a3 7
16af U} 51 — y 650~ -j 0,25; -r 7*77 *51 1677 %,i
9a3
16 a 3 &0*

Hence7?contains the term ~7 7~ &o<2 02+ y,2>or in the lunar theory 16 af y2-

Calculation of the Term n®or (Rt) multiplied by y2
adR |
R, = 2da ni R\ — 8 af (*30 H *32)
NO1E it , 3a far , a 1
*3 = 16< V&0 + &2+ 1773 | ~ B0- &1+ ~ *52. "2 *51]

8M2 (&0 + *32

3a I'¥*+ «% _ Q \ a , 3a3 , 3«2,
14«~ V a2 50 Jo, 51j 16a,2*3,2+ 16a,4*3,0 16«,3*M
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If the term in 1?55 multiplied by y2be called

. ni™ R3 ™
nL—~ Td*r7 ~ 73

h — —hL3@® /[ i5fa2/a _ z \
16 af°32 16a* °50 “T 8 a4 %2 "r 32 j N ft7o 07,1

a4t /@ | J a J f':]\_l 1 . 3a T 3a3
“ O 72~ Z°%1~ 2h,s)] + 16a/ i@@F- 162000 ~ 'Gadth?2
.33 , 151 « a2+ afa \
“ 16a* °52 -I'" 32\ ~ a® N~ N ~ N~ b7l)
ada2 f- af
4V &2~ g &)~ g &) + 2af ‘A P T 3.)}
3 oB 15 a‘ & 15 a3 , 3 a3
— 16a/°52~ 32aBfts] “ 32a*"2+ 1N 65,2
15 a2 3 a3

— ~ 32aB8&1— 32af ~,2*

Therefore i? contains the term

f 15a2 3a3 7 1 C
m" { 32 a3 ~ 32 #\2j e~ (7 + 71/)c0S
Calculation of Rlu, or the Coefficient ofcos (r -f g-f

Distinguishing at present the argument r + g — 2~ by the index 7, and the argu-
ment t— 2 7by the index 15

ayd Ri i
«7=~ 2da -*I 1= ga2 30
p _ a 3a2 / a R _ 3a3 7 3a9 7
Uur— ~ 8 30+ i6af\a, ~,0“ + 8a2°30— 16a*\o - y~ Il %!
P ad /7 p
— — 2da “ 77
9 a3
&o 4#f '6 8l + 32 (a, 5¢0“ &)
a3l a 1L, }_h \'\ 3a3 7, 3
al\az®71 “ 2 °°>°“ 2 2 J ~ 16a/ °50 wm16«/ °5,
15a3 7 , 15 fa3 /a2 + af ~nta, \ a3 ~ , a3t 7.,3a2,
32 af 650+ 32 { a4V «2 & + 2ar\) “ 2a4®@0+ 2
15a3t , 15a3 ~ 3 a2 3a2 _ 9az2

“*32a4°50+ 32«4 %0 -T 32«3 »51 + 8 a3~1 — 32 af

Hence R contains the term b e ety2cos (r + 5-j- z—=2
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Calculation of R1V, or theCoefficientof cos (r —| + 2  in the Development
Distinguishing at present the argument r —%t+ 2 t, by the index 3, and r -f 27
by the index 1,
ad R

R* = - 24a 8"* 630
R.= ¢ MPp- 7572 C, %50- *51) + *30

3a 3a3 A~ 3d1, _
16af BF le~ a f bW+ 1673 05

> »
"itT T o2dtf, — ~3
3a. 3a3, 9«3 ,
— JoVfb30- 8 #0 H- 3223050 “ 32a3~ %\
15a3 , 3a? 3 2 3a33
+ 32 -~ Waf ~\QTf  + 1674 »50~ 16
9a2
~ 32af°w
. 9 q_t .
Hence R contains the term 3t/aT Jlee/72cos (r —i~ I, + 2
Calculation of Ry, or the Coefficient of cos — + in the Development R.
nt % — i—g by the index 3, and » ~ by the index 1,
. *dRt n > A_
*3 = 2da; ~ T7ti = ~ 4 7 3o

_ atd R3 > 9«1 ,
ft=- 9 4= 15

Hence contains the term %A(ﬁ 6541 y.cos (@—g— +

fficient ofcos (g + g —; —nif), in the Development of R.
ping rt—g by the index 3, and + by the index I,
adRx
"3 2d «i «. = *50
. _ 9a3 j
Alvi yGR3 - R, = - }6afJ’>,i*
Hence /i contains the term -- &icos (g - gy—"—
Calculation of Ryn, orthe Coefficient of cos (2r -2 gy—2  in the Development
Distinguishing the argument 2 r—2 ?{ g by the index 7, and

index 1,
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— a,dR x
n}=- 553 = RI ga*
3if I« 7 17 1
16 ap ay'5l “ 2 ~ 2 Aa? °3,
3 3a2 , 3 a3 ,
=871+ 1 64 b~1 " 32a3650~ 32af <
332 , 3a3 7 , 343, 3a3 , 3a2
16 a 4 ®50 K)«* °52 "T i6 as5i “ 32a3®0“ 32ab°5
3a2 , 3 a3 , 902 ,
“ 32 af@0 T 16a4*71 “ 32 *72

in the lunar theory.

a,d R7 nop 3 «yd 72

2 RVU = -ad0" 2i "dAT
jR7 3 p 3 a2 , 3 a3 9 a2 (
T % 4N — 64 a3*70— 32a4*71 -T 64 *72 + 64 *70 “ 64a3*72
3a2 ,3a3 ,
= 32af *70« 327/ *71
5., 3az2 , 3 a3, . 9a2 , 15a2 , 15 a2 ,
—2R7- yki= 1673*70— bl 4*7i + 1673 £52 + 32773 090 — 3273 752
9a2 n 3a3 , 3a2 ,
32 87,0 — 16 af71 + 32 af *7.2
_ 9az2 , . 3a3, 15 f «3/ « 1 ;o\ J 7 J/ \ 1
2RvII— 32 af *70 ¢ 8a/ 53 ' 32 yallay 7 >V > 1 2 *7° 2 *7,2] j
9 a3 , 3a3, 3a2 ,

+ 32a3*70 8a4'71 "T 32 %,2

3a9 , , 15 f «3 ( g+ #2/ a 7 7\

32 B2 32y al/ v af ™ al ™ ay 7 ' 2al 1w 2al 723

3a2 7 13 a3, —3-(—352

— 32 &2 “ ’2a4*7 T 32 <4 *7,1
3a3 7 , 3az2z ~
—“ 8a4 + 32 af *72*
C 3ft cY:

Hence R contains the term m,j —y~rT4~7i+ 677/ "2 cos |

Calculation of R ynor the Coefficient

Distinguishing the argument g—2 by the index 65, and the argument 2 y by the
index 62,

«fb= - ITdIf- 2 B~*
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3a2 / C L d 1, VL "~ 7
~B5 = 1072 %, - 167~-3 V~ 051 — "2 °5,0 - ~Q 052 -t- 40« 031
3a2 7 3a2 7 3a3 7 , 3 a2 ; , 3a2 f _a_
— 32 as® 32af ~5216af "54 ' 32af 50 ' 32 af "4 31
oa ],3 ° aza3 L

~ 4~af+ NTaf "0 — 16a4051
= ¢~3 in the lunar theory.

65 2R 3ad /?7&

-~ vym — Qda — 4d 2 "62
3a2 7 , 9 a3 9«3 , 9a3
16 a3go0+ 32a4®5l + 32 af 050 32a4 51
a 3a2 / a . J 1 _; \

g~f 031+ 8a3\a; 051 “ 2 °50“ 2 °W

+ 32{ " &o- &) ~ N {a, &1~ "2 &O“ }
Sa3 t , 3a3n a 5a.
8~"f 050+ 8< 051 — 272 031+ T672 031
19a?,, 1Da2 , . 1baz, (30a3,
~ “ 32~af 050 “ 32~f 050 + 327~f 052+ 4«f 051
15 f a3 /a2-faf 7 a , \ ad . a4
32N af Vv af e ay 7° a, 712/ 2af 7™ 2af 727
15 a2 . 9a2 , 3a3. 15 a3 . 3a3 .
~ ~ W as80+ S2AMf 62 + 4af (Bl 327Mf 1 + 32~f (B1
15 a3 3a3, 9 a2 _ 3a 7 , 3az2 ,
“ 16a3050 + 8a4051+ 32a3652“ “ 8a2051+ 32a3652
15a2

y-*3"in the lunar theory.

Hence R contains the term 4§ —  ;&H + N52 re2  C€OS (2 £E—2 7).

Calculation of jRix, or the Coefficient of cos (2r —2£-j-2 ™), m the Development of R.
Distinguishing the argument 2 r —£ -f 2 ~ by the index 3, and 2 r {- 2" by the
index 1,

ad R,
N3 -~ 2 da A = - gapm

~3 — {823l — tEes (& hi© 2 750 2 752 + 4ap’31

* A viii(or R7) = _%af this agrees with the result I arrived at formerly, since confirmed by M. Poisson.

MDCCCXXXV.
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3a?, 3a2 , 3 3
— 32 af “ 32a3 16 « / + 32a*ft0+ 373 *52+ 44
a 3 a2 3a2 ,
— To? *31 + 32a? *50 — 32 a3*5“
.2 ad R39u 3 d
w N iX 2da 3 4 d a 2
1p 3 p _ a 7 3a2 * , 3a3 , . 3a
- 2 "3 4 ~ 3a2*1“ 32a? *50 “t" 32 fl4*51 + 3277 *3
~ 3a? j 3a?
32al¥"81  3R-a®"e0 ¥ 32 fl*751
o7 3p _ 3azp 1333 ® ~ | 5a,
~znl~ 2 #1 =~ 8a?*50 8a? *51 ~ 8a2*31"T Te~H? *31
3az2 , 3 a3, 3a .
= “ 8~a? *50 + 87?7 *51 ~ 16°J 31
w > a 2 . 3fif2 9as3 3az
“'Sx — “ 32a2*31+ 16a,
15fa3/a, ;o\ ad | a , 1
+ 32{ 7?2V~ “« Agd) o< l- 0y
3 a3 3 a3, 3a ,
“ SA3A~0 + 8a? f5l ” 16a,263d
7a |, 3y a* 3 a3, aa
327a? *31 ~ 64a? *50+ To0? *51 — 6477 *52
, 15 f a? (a? + a* Ma N a, \ ad #4 1 1
+ 321 “ a?\ a2 *71d "™ a *70“ a, °7,2/ + 2a? *70“ 2a? *7.2j
21 a? £j 21 a? 39a9, Pa3 Qa f5a3a | §a3,
64~3*0+ 0647? »52 - 643,350 + JJIT *51 « 64"?652— 32 a?*51 + 32a?*5,
3 a, 3d?
~ ~ 8a? *5,1+ 32a,3%*5,2-
. f 3a 3a2 2
Hence # contains the term j — A+ 52 fc272cos 2r —2%+ 2 37).
Calculation dx, or the Coefficient

Distinguishing the argument 2 Z —£ by the index 65, and the argument 2 by
the index 62,

> a,dizg 9 n _
neS — ¢ pHlg N R62= - Mg Dy
, 3a? (a ,1, 1, \ g 7
Ra* = 8a2 31 * 15a,3\a, 51 2 2 C 427 3
3 a, 3a2 , . 3a3 ,

T6a? ~,1 " T6a? 650 + ®5,i
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. udlig n >3 d 5
— 24 a 126a ™2 .
3a L Qa2 *_ 3a3 i 9«2
16 afa1 U5z @OT bs 5 ga/ sa 32
15a3r , 3a3 t 3a . .3 a2 3 a3 3e& h
~ * 3%dff''51 + 327A"4'51 “ 8a/ "31"T 8»50“ 8al/ V “ 16al "31
9a2 /a . 17 17\ 5a
+ 32al/ s ~2 "so~ £ '"52/ '"t* if,a*"31
3a2 . 3a37
—32a37°  16a/ 81 — &gk,
3a3 . 3a2 .
-~ - "51 + 3273 @2*
. . 3 a3 A
Hence /? contains the term § —

sbx+ ~-"3 &)21 ef yf cos (2

Calculation of the Term in Rxl multiplied by e2

Distinguishing the argumentr —7-f ” by the index 1, r —?+ ~ ~ ? by the index 3,
and r — nt v, + £by the index 4,

n > adRx__jy
A3= — 2da Jta” « 2da “ n> *l=- 4a/m31
» £L 1~ .
—38al°31- 8a3(a hi~ "2 20 —"27",2
3a9 , 3az2 , 3a3 , 3a2 . 3a9 .
TFa/ '"50~ 1I16a/ "52 “ 874 651+ wuj~/'"50+ 16~/ '"52
3az2 . 3 a3 .
= 8a» V “ 87”7 '51
5 ad.Rj ad?23 d adRXx
2 2da 2da 2da
3a2, .99a3 . 15 fa /a o\ ad [ a . 1 1 \

~ 4a3ftbo + 8a4 &,i + 8 (5? f/0” ~1/*“ al Va, &i~ 2 ~0 ~

a . 3a9 /a . 1. 1.\
~ 877 "31 + 877 \an '"51 ~ ~Q b50— 2""5,2/

3a97 , 9a37 , 15 f a3 /a2+ af 17 a ™\ , a4 7
4 af 650+ 87/4651+-8 { ~ MV ~-"[-&ji~ ~"T0“ N ®7,2/+ 2< "I0- 277 f
3 a9 . 3a2 . 3 a3, 3a2 z 3az2 ,
™ 16a3"50+ 16a3"52+ 8a4'"51“ WdAf 50« 16 af
3a9. ,9 a3 15 a3. 3a3. 3a9 .
“ “ 4a3'"50+ 8a4'51- 8a4d4's51+ 8advsi o« Ib*af "so

* For certain reductions which occur here, see the calculation of

L2
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, 3 a?7 , 3 as 3 a3 3a3
+ 16a3bW + 8ad®5i” it ~
97
— 8a3"5*

Therefore jR contains the term — Wadh,0e2 cos -

Calculation of the Term in multiplied by e2.
Distinguishing the argument r —m+ by the index 1, th
by the index 6, and r — g+ tit+ by the index 7?
z — d a
6 2day R7— — 2dfll “ 7bi R -1 2aBns
i a | 3a3/ a . 1, 1, \
RE— — g1+ 8~ ~ 2'650 — 2

3 as , 3a2 3a3 | 3 a2 a 7 .
Ib"3 650+ 1673 052-r »# oGi —173 %0—" 052- g”ir 73

g » 3az, r3&3 ¢
8< &)1 “ 8a3V + 874 x»51

a7d ayd R6 a,dR7 ad d
~xi 2d abd ay2da; 2 day day
9 a2 3a3 . a .
“ 8a2@®0* 2a4®5i — 4«2 @31
, 15 f fa o\ a4/ a 1 1, V1
ot {s2< MO~ kg oo (N ETEE 2 0~ 5 0D |
3a2 (a ~ 1 1.\ . a 3a3 / a 1 1,
ga3\a, 651 2 bW ~ 2 bW) + 4 631l ~*8a3 \, S - 2 B0 - 2752
9a9 , 3a3 x 3a3 _ 3a9 15 a3 3a3 3 a3
m8a3K» + 2a*°3] "™ g o 8al &2“ 8a- Pl'g8a/ &1+ gal
3a? 3a? 383 3a3 3a? 3a?
~ UJal/650 - 1673 052+ s~ 3630 — 8a3 ~,2 — 8a4 16a3 °50 + jli6a&3 &2
§ a2
“ “ 8a3 ®0
i on .
Therefore jR contains the term — &0 cos (i
Calculation of R Xl or the Coefficient ofcos (r —21
Distinguishing the argument r + vid
index 1,
adi?

*3 = pgal 81
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jg— — 29R s — 4 23fa - A AL
It is evident from the calculation of RMUthat R contains the term
{*6,1 - ft52} e2yy, COS(r - 21+ +

It is evident similarly, and from the calculation of that R contains the term

f 3«3 3a2 .
\gas M —aa &ZJ N2yy,cos (r+ 2it—*+

Calculation of Rxlv or the Coefficient of cos 2r —f -~ —an+

Distinguishing the argument 2r —+¢+ + 1 by the index 7, an
2r — n-f g by the index 1,
= fiyd1in jy n __ a i
2dfl, « A AL — - 40/«°32
nT = b32+ 873 &2 Y &Ll — Y &B) + T 2&32
a 3«3 7 . aad 7

— 87" 032 — I¥ a4 652 4" 16a/ ">2

P _ adR7 P
AXiv — 2da n’v

« * 9«3 x i 3@* 3a2 /a 7 17 17\
— 8al °32 16a/°5,2-1- 8aB°53 8a/ V«y 652 — 2 651 — Y®5,3]

+ 16{al (ty b72- Y &,i — Y As) - "4 (“ &3 — Y 572— Y ~,4) }

a _ 3m 5/2 a3 3a2t
4 af °3,2 8a4 + 8 °35
21 a3 t , 15«27 , 3a 7
16a/ 2T 8af 653+ 8a2 »32
, 156 fa3 /a2 + «3 a a \ a3
16 fa*\ af ~7,2« "™ 2ay2I I T-A2ABA 227,22 Y 2fly6&7,3}
21a3 - 15a3 9 a2 9a2, , 1% @37 9a3r , 3a3z
“ 16 ay4°52i" 8aP°53+ 32as\i ~ 32as%,3+ “ 16 af + 8af
9 a3 33 a3

“ 32a3751+ 32 a3%3-

Therefore R contains the term

f 9a2 . 33 a3 1
{32a3&ji+ "3 &3] ee,yy;cos (2r - | A
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R= *terms independent of the quantities b
-—-fiTE 260 "™M1CQ0Sr N2Q0S2r “H>&C' '

- {Y 630+ *3,1cos7 + 4320B2r +, &e. |

{ -2 -7 + ™ 4+ 2|1+ IW } COST+ ™ (* —~t) (cosr —23)

+ 7(1 - cos(r+ 2»)+ ~ cos(r-2,+ 2n)
+*r (I - 7 - 7)cos(»-»,)- (1L - 7 - 7)cos("+ }
3« f 1 D)

~ Ifa?\~2 Ko + OSr + h,2cos2r +> &c*)

{0 F+1")COSr -y cos(r—2j)—2j-cos(r+ 21fy)—yy,cos(>j —fy) + yy,cos¢7+ j*)
{ + "2")cos T*2'tos(r—2;9~ M~ cos(r+ 2f)“ yy;cos (j—*) + yy,cos G+ J “
|y +A +y| ﬂ+ cos2 r} +£—y— J {cos (2 r—2j’.)+cosz ~

{~ yr —yJ {cos 2r+ 27%)+ cos?2

+

+ { - ~”N }”’o0so0 + n— My cos(r- *+ *)}

+ 77,y +y }{cos(r+ n+ h + cos(r—jp- *)}

2 2

+y {1+ cos(2 T—2 B+ ~-p {cos2r—27"~+ 2n) + cos (2n—
+ p” {cos (r—7- v)+ cos(r- 3 y+ 72}

3
+ ATA{Cos (r — A+ )b QOs(r- 3 —7 +y {1+ cos(2r -

2 2

+ {cos (r — i+ i)+ cos (r—

2 2 2 2

—hr- {cos2™ + cos2”} + “ {1 + ABE?+ 2M)}.

* It is useless to consider these terms, because as R contains no term multiplied by T if the other part is

found to contain any term multiplied by it must be neglected, that is to say, got rid of by adding a simi-
a
lar term independent of the quantities b, and with a contrary sign.
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In Order to obtain the term in R depending upony4 y2y2andy it is sufficient to
take

R= —5 “2""30"1 ~3,1C0S r “I'" 73,2 COS %7

| — y24-57-4.]-yl)cosr+ yy;(y2+ y2cos —n)

—pp cos (r—2"+ 2 v+ i &c.
— 8af "2"A5® A5 COS 7752 COS A
{ (if + 2")cos T* 1*cos (r—23%)—tos(r+ 2R
— Y yycos @ - D+ yycos(i+ |
= {\ h 0 + hgosr + heos2r +, &c. j

{” (4 ya+ "L+ 174 cosr+ 77 (72+ 72 cos 0 —O0

- pp cos(r—2j+ 2v) -f}&c. |

- n"T-{4- 50+ hiQSr + h2cos2r +>&c-}

{P+~ + (72+ 72 cos(r+ 4- - (y2+ y2)cos(r - + V)
+ (4 +747~ +'8') COS7T+ T 127RCOS (23— 2fyy+ ~4anrCOS(2 —2704-2 |
f 9a2 - .9 a2 3a3 . 3a2 . s
“\ 64 a* &0+ ed a f bW~ o4 af bW~ 641/3°52) 7
f 3 a2 3a9 , 15 a2 , 15a9, ) 9 2
+ ( ~ 6473ho + 6429652 “ 64~"3@60 “ 64 af j7l
, f 9a2 7 , 9a2 ~ 3a2 ~ 3a2 , 4
+ | 64a3 0+ 64 a»52 ~ 64 a3ft50- 64 af ~,2j*7/

f 3a2 3a9 , ,3 a9, 3a9 , 1 [0, _ / .
+ {328 Bo—373 652+ 3273\0 + 373 2] 77/ (7" + 7 )QB(r +

+ { w*64af ho + 64a3 h2 64af ho ~ 64a3~,217 7fAB(2r=
f 3a2~ , 3a2, 1 d, f 9a2 , 3a9, 1 2 9
{ ~ 16a3ho + 32af h =7 + | “ 32a320“ 16«3h*| 7 7/
+{-m? K» +wir? PJ* h» v % fr2+v Jas (m-=>b¥)

3a2

~ 30807272005 (2r — 2 A+ 2 y).
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In order to give another example of the employment of this method, | propose to
calculate the coefficient of

eydcos (13r —£—4
the argument of which occurs in Professor Airy’s inequality of Venus, and nt

being the mean motions of that planet and of the earth.
It is easily seen from the preceding pages that R contains the term

7 128 ~af  ~5n cos (13 —

If the coefficient of y4cos (13r —4 yle denoted by
ey4cos (13r —f —4

_ adRx
R3= sda — 2 RI

3. <&, , ba3/a \ 1 \
1281 ~ af °5H <~ a? \at %n ~ 2 *710~ 2* 12 * @,il j

3 flOfl9 | 5a3/ a * *T ~1

— m \ ~Tf°bu ~Hfw 7231 ¢« '™
And i? contains the term

3 f 10a2 5«3/ al 1. \]
128{ a® ®n“ «4 ~ b7u~Y 10 **12)]eT

Professor Airy has

f 27 3 7 11
{¥ (°°) + 76 (O'1)} c5el 4>
2

In Professor Airy’s notation
/= 8" i f = T8 0,0) c0.B » 2" 137 1£1&yp , dirV

and substituting my notation in Professor Airy’s expression, that which | have found
results.

The method | have given of developing the disturbing function in terms of the
mean longitudes may also be employed with advantage in procuring the development
in terms of the true longitudes. In this problem

d R rd dr __ ad dr
de drrde
dr d.log.r
rd e de
log. r = log.a + log. (1 — e2d—Ilog. 1 + cos (X —w)
= log. a—e2— —eCOS(X—w)+ 272 { 1+ 2cos(2X—2 J

* See p. 89 of Professor Airy’s paper.
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— 13008 X — m+ o3 X—
-~ N3-)-cos(2X—2©) + cos(4 —4

log. a- ed—e (I + ™) cos X—a)+ — (I + -]-)cos(2 X—2«)
~3 ~
cos 3 X—3a) f-oYcos (4 X —4 &)
13
rdf y « ges—e(l + ~2) O08 (X — mfl + Q) CCS

o 3
----- 8 as(Ex—3 ¢ m) + 'g* C08 (4 X — 4 «r).
It follows from the Analysis of M. Poisson, in his Memoire sur le Mouvement de
la Lune autour de laTerre, that the coefficient of cos (2" — 2 in the development
of the quantity

rqrf R
a* afjy J\ - ef
according to the true #is the same as that of cos 2 m—2 in the develop-

ment of R according to the mean longitudes.

I f be called a >
dQ __ fldQrdr dQ __ adQ dr
de da de de d d *

By means of these equations, and after reductions similar to those of which so
many examples have been given in the course of this paper, | find the coefficient of

COS (2X—2XJ) e in Q = —

etas (2 X— 214 X m. 0 ‘h o ~2
cfi
PRROB (2X— 2 — X~AF7&j-H —G) oo, ZZ ---—--- — 2
. 15 3o dn
e e2@8(2X 2X—X+- m+2X—2m) < = 750+ 16 "BI
Q
£2€2C0S(2X—2Xy—2X+ 21-|-2XI—2”) or ee2cos (2or—2") = — 2

MDCCCXXXV. M
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